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’ INTRODUCTION

Long after its full quantummechanical description by F€orster1

and some years after the first experiments on the single-molecule
level,2 fluorescence resonance energy transfer (FRET), often
referred to as a “spectroscopic ruler”,3 has meanwhile evolved
into a versatile tool in single-molecule biophysics.4�7 FRET
efficiency is often interpreted in terms of distances or distance
changes,3,8�13 and was used to determine the position of yet
unlocalized residues in biological macromolecules14�18 and to
perform distance-restrained docking between several known
structures constituting a macromolecular complex.19�22 The
common theme behind these experiments is that single-molecule
FRET measurements can yield valuable information if standard
approaches like X-ray crystallography or nuclear magnetic reso-
nance spectroscopy fail. For example, we have recently localized
yet unobserved parts of nucleic acids in the eukaryotic RNA
polymerase II elongation complex.16,23,24 To analyze the data of
such FRET localization experiments, we have developed the
Nano-Positioning System (NPS).23 NPS relies on a partly known
structure of a macromolecular complex, which serves as a plat-
form onto which fluorescent dyes, referred to as satellites, are
attached via flexible linkers. By analyzing sequential FRET effi-
ciency measurements between several satellites and the so-called
antenna fluorophore bound to a structurally unresolved region of
the macromolecule, it is possible to calculate the antenna position
and hence localize this region. In principle, the measurement
process could also be accelerated by using one antenna and several
switchable satellites in the same experiment.25

There are certain uncertainties that limit the resolution of
FRET-based distance measurements and localization in general
and of NPS in particular. These include the FRET efficiency
measurement error and the limited knowledge of the exact dye
positions caused by attachment to the macromolecule via flexible
linkers.17,21,26 Another important source of localization uncer-
tainty originates from the dependence of FRET efficiency on the
average transition dipole moment (TDM) orientations of the
dyes, which occurs when the fluorophores are constrained in
their orientation fluctuations. Indications for such uncertainties
come from measurements of nonzero fluorescence anisotropies,
which has been already discussed for pairs of fluorophores.27�30

NPS faces all uncertainties above by applying Bayesian parameter
estimation,31,32 a general and powerful probabilistic data analysis
technique.

Up to now, NPS was able to determine only the position of a
single antenna based on FRET efficiency measurements to
several satellites.23 In the following, we will extend NPS to
simultaneously calculate not only the position but also the
orientation of all fluorophores in FRET networks containing
an arbitrary number of antennas and satellites. Moreover, this
new global analysis scheme benefits from the additional measure-
ment of FRET anisotropy, i.e., the fluorescence anisotropy of the
acceptor after a polarized excitation of the donor. This quantity
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ABSTRACT: Single-molecule fluorescence resonance energy
transfer (sm-FRET) has been recently applied to distance and posi-
tion estimation in macromolecular complexes. Here, we generalize
the previously published Nano-Positioning System (NPS), a
probabilistic method to analyze data obtained in such experi-
ments, which accounts for effects of restricted rotational free-
dom of fluorescent dyes, as well as for limited knowledge of the
exact dye positions due to attachment via flexible linkers. In
particular we show that global data analysis of complete FRET
networks is beneficial and that the measurement of FRET anisotropies in addition to FRET efficiencies can be used to determine
accurately both position and orientation of the dyes. This measurement scheme improves localization accuracy substantially, and we
can show that the improvement is a consequence of the more precise information about the transition dipole moment orientation of
the dyes obtained by FRET anisotropy measurements. We discuss also rigid body docking of different macromolecules by means of
NPS, which can be used to study the structure of macromolecular complexes. Finally, we combine our approach with common
FRET analysis methods to determine the number of states of a macromolecule.
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carries important information about the relative orientations of
the average TDMs of the dyes.27,30,33 Thereafter we demonstrate
that NPS can be used to dock several macromolecules of known
structure constituting a structurally unknown macromolecular
complex. In this way, we can quantitatively determine the
position and orientation of the macromolecules within a com-
plex, which is an important question in structural biology. We
finally show how NPS can be combined with common FRET
analysis methods9,13,14,16,34�39 to infer the number of conforma-
tional states of a macromolecule.

’NPS THEORY

Here we first review the FRET theory applied in the NPS and
derive thereafter 3 variants of NPS: the position�orientation
NPS, the position�F€orster distance NPS, and the NPS docking
analysis scheme. All NPS variants are suited to study a network of
fluorophores that are attached to a macromolecule (or a complex
of several macromolecules) and act as donor/acceptor pairs in
separate FRET measurements. Depending on whether the posi-
tion of a dye is known or is to be determined it will be called
satellite or antenna.
Physical Model of a FRET Network. We study a FRET

network consisting of N dye molecules and several separately
conducted FRET measurements between pairs of these dyes
(Figure 1a). To describe the FRET measurements we use the
theory derived by Dale et al.28 for a single FRET pair, which will
be described shortly.
In our model each fluorophore i (i = 1, ..., N) is located at a

static position xi. It possesses a transition dipole moment
(TDM), which performs rapid, constrained orientation fluctua-
tions that are much faster than the time-scale of the fluorescence
lifetime. The density of visited TDM orientations is assumed to
be axially symmetric, and the average TDM orientation, i.e. the
symmetry axis of the distribution, will be denoted by Ωi

(Figure 1b). Further, we assume that there is no additional
angular reorientation on a slower time-scale and that the
orientation distributions of absorption and emission TDMs are
identical even though there might be an angle between these
TDMs resulting in a fundamental fluorescence anisotropy ri,0 :=
limtf0 ri(t) smaller than 2/5, where ri(t) is the time-resolved
fluorescence anisotropy decay. ri(t) can be obtained from
polarization-resolved measurements of fluorescence after a
pulsed and linearly polarized excitation of the dye i. (See ref 33
and Chapter 11 in ref 40.) Then, the amount of orientation
fluctuations is characterized by the dynamically averaged axial
depolarization Ædixæ determined from the residual fluorescence
anisotropy ri,∞ := limtf∞ ri(t) of an ensemble of fixed but
randomly orientedmacromolecules (Chapter 11 in ref 40) by solving

Ædxi æ
2 ¼ ri,∞=ri, 0 ð1Þ

For a FRET pair consisting of fluorophores i and j (Figure 1c),
Dale et al.28 derived the dynamically averaged orientation factor
Ækij2æ

Ækij2æ ¼ ðcos Ψij � 3 cos Θij cos ΘjiÞ2Ædxi æÆdxj æ
þ ð1=3 þ cos2 ΘjiÆdxj æÞð1� Ædxi æÞ
þ ð1=3 þ cos2 ΘijÆdxi æÞð1� Ædxj æÞ ð2Þ

where Θij, Θji, and Ψij are angles that describe the relative
orientation of the fluorophores and can be calculated from xi, xj,
Ωi, andΩj. From Ækij2æ the expected F€orster distance Rij and the
expected FRET efficiency Eij can be calculated to be

Rij
6 ¼ Riso

ij
6 Æk2ijæ
2=3

ð3Þ

E ij ¼ ð1 þ jxi � xjj6=Rij
6Þ�1 ð4Þ

where Rij
iso is the isotropic F€orster distance for the FRET pair ij

that defines the length scale of energy transfer in the isotropic
dynamic averaging case, i.e. for Ækij2æ = 2/3. Experimentally,
FRET efficiency is usually calculated from donor fluorescence

Figure 1. FRET network model. (a) Fluorophores (shown as double
arrows) are attached via flexible linkers either to parts of the macro-
molecule with known structure (gray area) or to the yet unlocalized parts
with unknown structure (gray dashed oval, top). Each dye is character-
ized by its spatial position xi and the average orientation of the TDMΩi.
For fluorophores attached to the known parts of the macromolecule
(satellites) the accessible volume is indicated by a light gray contour
around each satellite. The accessible volume for fluorophores attached to
the unknown parts of the macromolecule (antennas) is the region
outside the known structure. Measurements of FRET efficiency and/or
FRET anisotropy are indicated by dashed lines between the fluoro-
phores. (b) The fluorophore i is described by its transition dipole
moment (TDM) at position xi that fluctuates (indicated by motion
lines) around its average orientation, shown as double arrow and
described by the polar and azimuth angle θi and ϕi. The parametrization
Ωi = (�cos θi,ϕi) is used, since a flat prior in Ωi is invariant under
rotations of the coordinate system and does not favor any particular
orientation. (c) A FRET pair consisting of two fluorophores i and j at
positions xi and xj, respectively. The angles Θij and Θji between each
average TDM orientation Ωi/j and the vector interconnecting the
fluorophores, (xj � xi), as well as the angle Φij between the planes
containing Ωi/j and xj � xi are needed in the calculation of the
dynamically averaged orientation factor Ækij2æ. The FRET anisotropy
depends directly on the angle Ψij between the average TDM orienta-
tions (the dashed line has the same direction as the average TDM
orientation of the dye j).
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lifetime measurements or from the fluorescence signals of donor
and acceptor (Chapter 13 in ref 40). The expected FRET anisotropy,
A ij, which is defined as the fluorescence anisotropy of the acceptor
after polarized excitation of the donor, depends on the angle Ψij

betweenΩi andΩj anddetermines the expectedFRETanisotropy,28

A ij ¼ 2
5
Ædxi æÆd

x
j æ

3
2
cos2 Ψij � 1

2

� �
ð5Þ

In total, our FRET network model is characterized by 5N
parameters: the positions and average TDM orientations of each
dye. In the following, we show how the measured data, which is
FRET efficiency and, if possible, FRET anisotropy, is used in the
analysis.
Position�Orientation NPS. We apply Bayesian parameter

estimation to infer fluorophore positions and orientations from
FRET efficiencies and optionally also from FRET anisotropies
measured in a FRET network consisting of an arbitrary num-
ber of satellites and antennas. Let in the following {xi,Ωi} =
(x1,Ω1, ..., xN,ΩN) be the 5N-dimensional vector of fluorophore
positions and orientations that describes the FRET network, and
let {Eij} and {Aij} be all FRET efficiencies and FRET anisotropies
measured between fluorophore pairs ij.
Posterior. The posterior probability density function (PDF)

that represents the inferred information can be calculated with
Bayes’ theorem

pðfxi,ΩigjfEijg, fAijg, IÞ ¼ pðfxi,ΩigjIÞpðfEijg, fAijgjfxi,Ωig, IÞ=Z
ð6Þ

Here, p(.|.) denotes conditional PDFs, in particular, p({xi,Ωi}|
{Eij},{Aij},I) is the posterior PDF that represents the inferred
information and is hence the result of the analysis.
The prior PDF p({xi,Ωi}|I) is the state of knowledge before

the experiment is analyzed, while the likelihood p({Eij},{Aij}|
{xi,Ωi},I) describes the expected data given particular dye
positions and average TDM orientations. Z denotes the evidence
that normalizes the product of prior and likelihood andwhich can
be calculated as follows:

Z ¼
Z

dfxi,Ωig pðfxi,ΩigjIÞ pðfEijg, fAijgjfxi,Ωig, IÞ
ð7Þ

All PDFs are conditional on the background information I,
which consists here of F€orster theory, the assumptions that enter
the model, and other information on the macromolecule and
fluorophores. By integrating over all model parameters but xi we
compute the marginal position posterior PDF of the dye i

pðxijfEijg, fAijg, IÞ ¼
Z

dfxj 6¼i,Ωjg pðfxj,ΩjgjfEijg, fAijg, IÞ

ð8Þ
which represents the available information on the position of the
dye i. Analogously, p(Ωi|{Eij},{Aij},I), the marginal posterior
PDF of the average TDM orientation Ωi can be calculated by
integrating over all model parameters but Ωi.
Likelihood. Since all FRET efficiencies and FRET anisotropies

are measured independently, the likelihood consists of the
product of contributions of each FRET pair.

pðfEijg, fAijgjfxi,Ωig, IÞ ¼
Y
ij ∈ M

Lijðxi,Ωi, xj,ΩjÞ ð9Þ

Lij denotes the contribution of FRET pair ij as a function of the
positions and orientations of the respective fluorophores, andM
is the set of measured FRET pairs. Depending on whether FRET
efficiency, FRET anisotropy or both were measured for a FRET
pair, we assign Lij as a uni- or bivariate Gaussian

Lijðxi,Ωi, xj,ΩjÞ

¼
N ΔEijðEij � E ijÞ Eij measured
N ΔAijðAij �A ijÞ Aij measured
N ΔEijðEij � E ijÞN ΔAijðAij �A ijÞ Eij and Aij measured

8>><
>>:

ð10Þ
Here, N σð 3 Þ is the normal distribution with standard devia-

tion σ. Eij andA ij are the expected FRET efficiency and FRET
anisotropy defined in eq 4 and 5, respectively, and ΔEij and ΔAij
denote the standard measurement errors of FRET efficiency and
FRET anisotropy, respectively.
For clarity in the main manuscript we have assumed in eq 9

that Eij and A ij have unique values, which is true if for all dyes
ri/j,∞/ri/j,0 > 1/4 and hence all axial depolarizations are positive
(eq 1). A complete treatment of the possible ambiguities caused
by low residual fluorescence anisotropies is given in the Support-
ing Information (Suppl. theory 1.1).
Prior. The prior PDF describes the possible fluorophore

positions and average TDM orientations in the absence of
experimental data. In this way, the influence of the shape of
the macromolecule and fluorophores (and if the attachment
position is known, also the linker length; Figure 1a) can be
encoded. We assume that the fluorophores cannot interact with
each other in a way that would change their positions and/or
average TDM orientations, hence the prior factorizes

pðfxi,ΩigjIÞ ¼
Y
i

pðxi,ΩijIÞ ð11Þ

Usually, one would assess the accessible fluorophore positions
and average TDM orientations from simulations wherever
possible to reduce uncertainties in the localization.14 As a
simulation is not always possible, either because the local
structure of the fluorophore attachment site is unknown or if
the macromolecule is simply too large to simulate accurately, we
use a more primitive approach here and neglect correlations of
fluorophore position and average TDMorientation, which allows
us to factorize the position and orientation prior

pðxi,ΩijIÞ ¼ pðxijIÞpðΩijIÞ for all dyes i ð12Þ
Furthermore, without doing simulations, there is no reason to

favor any specific orientation, hence we assign a flat (i.e.,
constant) prior in Ωi (Supporting Information, Suppl. methods
1.2), which is parametrized byΩi = (�cos θi, ϕi), θi and ϕi being
the polar and azimuth angle of the average TDM orientation
(Figure 1b). Moreover, we also assign a flat position prior that
does not favor any particular position within the volume Vi

accessible to each dye

pðxijIÞ ¼
Z
xi ∈ Vi

dxi

 !�1

for xi ∈ Vi

0 otherwise

8>><
>>: ð13Þ

Position�F€orster Distance NPS. We have previously pub-
lished a simple NPS analysis scheme,23 which we now denote as
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position�F€orster distance NPS. This NPS variant can be applied
if a FRET network consists of several satellites and only one
single antenna and if there is only FRET efficiency data available.
Position�F€orster distance NPS is a special case of the

position�orientation NPS, and allows to calculate only the
marginal posterior of the antenna position, however, at a low
computational cost. In short, while the antenna position xa, the
satellite positions {xi} and the respective dye position priors are
the same as in the position�orientation NPS, now the F€orster
distances {Rai} take the role of the average TDM orientations as
model parameters (Supporting Information, Suppl. theory 1.3).
Though the F€orster distance priors are computed based on the
unknown average TDM orientations, the position�F€orster dis-
tance NPS conceptually differs from the position�orientation
NPS as we additionally assume that the F€orster distances Rai are
mutually independent. In the Supporting Information, Suppl.
discussion 4.1, we demonstrate that this approximation is usually
applicable as the introduced error is negligible.
NPS Docking. Docking of several macromolecules of known

structure can yield important structural information about the
complex they form. Docking has been applied previously to
FRET efficiency based constraints assuming an isotropic orienta-
tion factor k2 = 2/3.19�22 In the following, we discuss NPS
docking, which is capable of treating orientation effects and
enables us to analyze both FRET efficiency and/or FRET
anisotropy based on the FRET model previously introduced in
this manuscript. Mathematically, NPS docking extends the
position�orientation NPS framework by describing also the
positions and orientations of structurally known constituents
of a macromolecular complex, which are treated as rigid bodies.
Model and Likelihood. In order to dock M rigid constituents

of the macromolecular complex by means of FRET we choose
one of the parts of the complex as the “laboratory” reference
frame and attach to every additional part k = 1, ...,M a reference
frame with the origin o(k) and the orientation Ξ(k) = (F(k),
�cos θ(k), ϕ(k)) (Figure 2a). Ξ(k) is characterized by three sub-
sequent rotations by the angles F(k), θ(k) and ϕ(k) (Figure 2b). A
fluorophore i linked to the part k is nowdescribed by its position xi

(k)

and average transition dipole orientationΩi
(k) relative to the reference

frame k. Expected FRET efficiency and FRET anisotropy values are
then computed after coordinate transformation of xi

(k) andΩi
(k) into

the “laboratory” reference frame like in the position�orientation
NPS. In this way, themodel is then parametrized by the positions and
orientations of all fluorophores and reference frames.
In the end the information of all fluorophores linked to the

reference frame k is used to position and orient this reference
frame with respect to the laboratory coordinate system.
Prior. We neglect possible interactions of fluorophores with

other macromolecule parts than the one used for their attach-
ment, and assign the fluorophore position and orientation prior
exactly as described above. The prior PDF p({o(k),Ξ(k)}|I) of the
additional model parameters will be correlated in general since
the possible orientations of the macromolecules will depend on
their positions. The parameter space of accessible positions and
orientations can be determined by simulations; however, we
neglect the correlations between o(k) and Ξ(k) here for simplicity

pðfoðkÞ,ΞðkÞgjIÞ ¼
Y
k

pðoðkÞjIÞpðΞðkÞjIÞ ð14Þ

and set p(o(k)|I) constant within an accessible volume and zero
outside, in analogy to the fluorophore position priors, assuming

thereby that all accessible combinations of positions and orienta-
tions are equally likely. The prior for the reference frame
orientation Ξ(k) is flat and does not favor any particular orienta-
tion (Supporting Information, Suppl. methods 1.2). The com-
plete prior, p({xi

(k),Ωi
(k)},{o(k),Ξ(k)}|I), is given by the product

of eqs 14 and 11.
Posterior. The posterior PDF is computed as in the posi-

tion�orientation NPS. In particular, the marginal posterior of
any fluorophore position or average TDM orientation is calcu-
lated by integrating over all remaining parameters, which involve
here also the reference frame positions and orientations. We are
also able to compute the marginal posterior PDF of the “labora-
tory” coordinates q of an arbitrary pointQ having the coordinates
q(k) in the docked reference frame k (Supporting Information,
Suppl. methods, 2.1). By displaying this PDF, the position
estimate of any atom in the docked structure can be visualized
directly, of course under the assumption that this structure
behaves as a rigid body.

’METHODS

Simulated Data. For the simulation of data used in our
calculations we considered typical conditions like the number
and overall spacing of the dyes and a distribution of low,

Figure 2. NPS docking. (a) The NPS can be used for docking different
parts of a macromolecule. Here, the structure of the unlocalized part of
themacromolecule is known (gray oval, top), and the volumes accessible
to the antennas (gray contours around the antennas) are known relative
to this structure. A reference frame (x(k),y(k),z(k)) is attached to the
unlocalized part k. In this way, the position and orientation of the
unlocalized part is described by the origin o(k) and orientationΞ(k) of the
reference frame relative to the “laboratory” reference frame (x,y,z). (b)
The frame of reference k used for docking is shown as axes x(k), y(k), and
z(k). It is parametrized by the position of its origin, o(k), and its
orientation defined by the angles F(k), θ(k) and ϕ(k) of three consecutive
rotations around the axes z, y, and z, respectively. Both, position and
orientation, are given relative to the laboratory reference frame (x,y,z).
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intermediate and high FRET efficiencies observed in previous
experiments.23,24 In an actual experiment intermediate FRET
efficiencies are to be preferred because in this range FRET is
most sensitive to changes of distance and average TDM orienta-
tion of the dyes, although it is also possible to analyze low and
high FRET efficiencies, which lead to less precise distance and
position estimates. The analysis of very high FRET efficiencies
should be avoided in practice since the dyes can be too close for
the point-like dipole approximation of F€orster theory1 to hold.
Even if F€orster theory holds, the donor lifetime could become
comparable to its rotation correlation time, so that the Dale�
Eisinger�Blumberg theory27,28 breaks down. However, since we
did not do actual experiments it was not necessary to account for
these complications here.
In our simulation, we chose seven satellite and seven antenna

positions (Supporting Information, Suppl. Table 1) from a
uniform distribution in the positive octant of the laboratory
reference frame under the conditions that the distance to the
origin is between 40 and 60 Å (satellites) and 90 and 110 Å
(antennas). Furthermore, we restricted the minimum distance
between fluorophores to 25 Å for two reasons: First, we were able
to test several different antenna positions without changing the
network, and second, one should place the satellites in several
different positions to obtain independent information (i.e.,
FRET efficiency data) that is used to localize the antennas.
Nevertheless, in general, the distances between two antennas or
two satellites do not need to be limited as the dye molecules are
usually not used simultaneously in the FRET measurement.
In order to form an extended FRET network two additional

satellites were placed manually in positions that promised to
reduce localization uncertainty. This is a typical procedure in an
actual experiment to increase localization accuracy. In brief, we
used our previous model, in which a FRET efficiency measure-
ment between a satellite and an antenna fluorophore imposes a
fuzzy distance restraint between the dyes23 and looked for
positions from which a FRET efficiency measurement could
exclude many of the possible antenna positions estimated by
analyzing the original FRET network.
Average fluorophore transition dipole orientations were chosen

from an isotropic distribution without any constraint. Fluorescence
anisotropies were randomly chosen from a uniform distribution
between 0.15 and 0.32 (Supporting Information, Suppl. Table 1)
motivated by values determined in previous experiments.16,23,24

Similarly, isotropic F€orster distances were chosen from a uniform
distribution between 55 and 65 Å (Supporting Information,
Suppl. Table 2), in order to mimic the spread of isotropic F€orster
distances in our previous observations.16,23,24

Using these values, the expected FRET efficiencies and FRET
anisotropies were calculated (Supporting Information, Suppl.
Tables 3,4) based on the model described above. The expected
data was used directly without adding any noise that would
otherwise simulate experimental measurement errors. In that
way it was possible to calculate the posterior maximum directly
and observe whether it was found by the analysis algorithm. For
all FRET efficiency and FRET anisotropy data an uncertainty of
ΔEij = 0.02 and ΔAij = 0.01 was assigned, respectively. The
chosen ΔEij are typical values observed in our measurements,23

while ΔAij was chosen to be approximately 2% of the possible
range of FRET anisotropy values.
Accessible Volumes. In order to demonstrate the effect of

satellite position uncertainty, we used two kinds of accessible
volumes, either infinitely small volumes that result in position

priors described by three-dimensional Dirac δ point measures, or
cubes with 8 Å side length closely resembling the size of satellite
position priors in previous experiments.23,24 Both sorts of
accessible volumes were centered at the respective simulated
satellite positions. We neglected possible steric clashes of the
antennas with themacromolecule and used cubes with 230 Å side
length centered at the point (x,y,z) = (85,85,85) Å as volumes
accessible to each antenna.
Position�OrientationNPS andPosition�F€orster Distance

NPS. The same simulated data set was analyzed in several ways,
referred to as scenarios in the following. In the first scenario, the
approximate analysis, the FRET network of 7 antennas and 7
satellites (7A/7S) was decomposed into subnetworks that con-
sisted of FRET efficiency measurements from all satellites to a
single antenna i and analyzed with the previously published
position�F€orster distance NPS software.23 In order to mimic
infinitely small accessible volumes of satellites we used isotropic
normal distributions with a negligible standard deviation of 0.01
Å that were centered at the actual satellite positions.
All remaining scenarios were analyzed with the position-

orientation NPS. In particular, in the separate analysis of the
7A/7S FRET network we studied the same subnetworks as in the
approximate analysis in order to compare the fully numerical and
the approximate analytical approaches. All investigated FRET
networks consisted of FRET efficiency data, or alternatively,
combined FRET efficiency and anisotropy data. The accessible
volumes of the satellites were infinitely small in all scenarios
except the last one, in which finite-sized accessible volumes were
used (see preceding section “Accessible Volumes”).
Posterior samples and the evidence Z were calculated with a

custom implementation of the nested sampling algorithm41

based on Markov chain Monte Carlo (MCMC) in C and
MATLAB (The MathWorks). For all nested sampling calcula-
tions, we used 1 � 103 or 2 � 103 objects except for the global
NPS analysis of the network with 7 antennas and 7 satellites,
where 10� 103 objects had to be used because the algorithm did
not converge to the global posterior maximum with less objects.
The posterior samples that resulted from nested sampling were
reweighted (Chapter 9 in ref 32) to have a relative frequency
proportional to the posterior PDF. Approximate marginal anten-
na position posterior PDFs were computed by binning the
reweighted samples into a 3-dimensional histogram with bin
sizes that varied from 0.5 to 8 Å dependent on the number and
spatial spread of samples. The marginal dye position posteriors
were used to compute credible volumes, the Bayesian counter-
part of confidence regions (Supporting Information, Suppl.methods
2.2 and Suppl. Figure 1). Both marginal posteriors and credible
volumes were displayed with Chimera42,43 (Supporting Informa-
tion, Suppl. methods 2.3). Marginal average TDM orientation
posteriors and respective credible volumes were computed and
displayed in a similar way with Matlab (The MathWorks).
Quantification of Antenna Position Estimates. Average

antenna positions Æxiæ = Æ(xi,yi,zi)æ were calculated from the
approximate marginal posteriors. The localization uncertainty
was computed by diagonalizing the covariance matrix Ci = Æ(xi�
Æxiæ)(xi� Æxiæ)Tæ as described earlier23 resulting in three standard
deviations σ1

xi, σ2
xi, and σ3

xi in the principal directions. In order to
compare the different analysis schemes we calculated the average
position uncertainty as follows: first, the geometric mean
σ xi = (σ1

xi σ2
xi σ3

xi)1/3 = (detCi)
1/6 was computed for each antenna.

The σ xi obtained for each scenario were then averaged over all
antennas of the FRET network to calculate the mean position
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uncertainty Æσ xæ. The mean average TDM orientation and the
corresponding mean average TDM orientation uncertainty
ÆσΩæ was calculated similarly (Supporting Information, Suppl.
methods 2.4).
NPS Docking. To demonstrate docking of two macromole-

cules, we used the same data as in the previous scenarios and
analyzed it with the position�orientation NPS software, which is
also capable to dock an arbitrary number of macromolecules. To
this end, the satellites were located in the laboratory reference
frame, while the positions and orientations of the antennas were
now described relative to a mobile docking reference frame k =
dock. The volume accessible to the docked reference frame
origin was set to a cube of 300 Å centered at the position (x,y,z) =
(100,100,100) Å. We analyzed measurements of (i) FRET
efficiency in combination with infinitely small volumes accessible
to satellites and antennas, (ii) the effect of additional FRET
anisotropy measurements, and (iii) the effect of finite-sized
position priors. For nested sampling 2 � 103 objects were used
throughout.
In order to display position and orientation of the docked

reference frame we computed p(q|{Eij},I) and p(q|{Eij},{Aij},I)
for q(dock) = (0,0,0), (40,0,0), (0,40,0), and (0,0,40) Å. The
resulting densities were treated in the same way like marginal dye
position posteriors, i.e. they were displayed as 95% credible
volumes, and the position uncertainty σ q of the point q was
computed as σ q = det(Æ(q � Æqæ)(q � Æqæ)Tæ)1/6.

’RESULTS AND DISCUSSION

Comparison of NPS Analysis Schemes. In order to compare
different schemes for the analysis of FRET localization experi-
ments, we simulated FRET data (Supporting Information, Suppl.
Tables 2�4) based on a random FRET network (Figure 3a,
Methods) consisting of 7 antennas and 7 satellites (7A/7S

network). We analyzed the data with each of the NPS variants
position�F€orster distance NPS and position�orientation NPS.
For both variants we calculated the marginalized antenna posi-
tion posterior PDFs and displayed them as credible volumes
showing directly the uncertainty that can be attributed to the
inferred positions (see Methods). Before proceeding to the actual
results we want to make the reader more familiar with the notion of
credible volumes. In Figure 3b and c we plotted two exemplary
marginal antenna position posterior PDFs and their credible
volumes containing 68% and 95% probability. The surfaces of the
68% and 95% credible volumes correspond to 3-dimensional error
bars sized 1 and 2 standard deviations, respectively.
We structured our comparison of NPS analysis schemes in

several scenarios: In the first scenario, referred to as approximate
analysis, we used the position�F€orster distance NPS to analyze

Figure 3. Actual fluorophore positions and position estimates. (a)
Actual positions of the fluorophores used to calculate simulated data
are shown as spheres relative to a hypothetical macromolecule (gray
surface). The antennas, numbered 1�7, are shown in color, the
satellites in gray. The additional satellites 8 and 9 used to extend the
measurement network are highlighted by arrows. (b and c) The actual
positions of antennas 1 and 2 are shown as red and orange spheres
(see arrows), respectively. The corresponding marginal position densities
of a separate analysis with the position�orientation NPS are shown in
yellow (antenna 1) and blue (antenna 2). Credible volumes are shown as
red (antenna 1) and orange (antenna 2) meshes for P = 68% (b) and P =
95% (c). To show whether the true positions lie within the credible
volumes, only the part of the densities lying behind a plane containing
both fluorophores is shown. In the case of antenna 1, both, the relatively
small 68% and 95% credible volumes contain the true fluorophore
position, whereas for antenna 2 the true position is outside of the 68%
credible volume but inside the 95% volume.

Figure 4. Estimates of antenna positions. 95% credible volumes of all
antenna position estimates are shown as colored semitransparent
surfaces, and the exact positions of all fluorophores are shown as spheres
(color code see Figure 3) in the context of a hypothetical macromolecule
(gray surface). Only small differences are visible between approximate
(a) and separate analysis (b), supporting the approximations made to
simplify the analysis in the position�F€orster distance NPS and the
correctness of the numerical approach. Globally analyzed data leads to
an increase in localization accuracy; that is, the credible volumes are
smaller when the same data is analyzed globally (c). When measure-
ments to additional satellites are introduced (global analysis of the
extended network) the localization accuracy improves substantially (d).
When FRET anisotropy is measured in addition to FRET efficiency, the
localization accuracy improves dramatically (e) and suggests that the
unknown average TDM orientations are the main source of localization
uncertainty. When finite-sized satellite position priors (uniform within a
(8 Å)3 cube, shown in gray) are used (f) in contrast to exact satellite
positions (e) the accuracy decreases slightly but still accurate position
information is obtained.
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FRET efficiency measurements in the 7A/7S network (Figure 4a).
The calculations were carried out almost entirely on an analytical
basis but were restricted to the computation of the marginal
position posterior PDF of a single antenna and included also the
assumption of independent F€orster distances. The same data was
then analyzed with the position�orientation NPS, which will be
referred to as separate analysis. In this analysis we performed
computations completely numerically and could drop the as-
sumption of independent F€orster distances (Figure 4b). To
study whether a global analysis of the data is advantageous as it
exploits correlations between model parameters, we also ana-
lyzed the 7A/7S network at once, which we refer to as global
analysis (Figure 4c).
In order to compare the different methods on a numerical

basis, we computed the mean localization uncertainty Æσ xæ,
which quantifies the average size of the antenna position
estimates (methods). Approximate and separate analysis applied
to FRET efficiency only data give very similar results (Figures 4a,
b) as indicated by Æσ xæ of 12.6 and 11.8 Å (Figure 5), which
supports the validity of the approximations made in the posi-
tion�F€orster distance NPS. Global analysis yields in average
smaller credible volumes (Figure 4c) and Æσ xæ of 11.1 Å
(Figure 5) since correlations between F€orster distances can be
taken into account. The correlations aremediated not only by the
antenna orientation like in the separate analysis but also by the
satellite orientations.
While the above analysis yields quantitative localization of the

satellites, oftentimes answering a biological question requires a
higher accuracy. This can be done, for example, by introducing
additional satellites into the FRET network at positions that
promise to give informative data. Here, we chose to add two new
satellites at promising positions (Figure 3a) and extended the
FRET network to seven antennas and nine satellites (extended
network). We analyzed this network globally with posi-
tion�orientation NPS, referring to that scenario as extended
network (Figure 4d). Although the introduction of additional
satellites improved localization accuracy and Æσ xæ dropped to
6.9 Å (Figure 5), with every new satellite we introduced not only
new data but also two more model parameters, namely the

average TDM orientation. Unfortunately, by measuring only
FRET efficiency one obtains very little direct information about
these orientations, and moreover, it would be better to increase
the amount of data while leaving the number of parameters the
same.We therefore investigated how additional measurements of
FRET anisotropy (the fluorescence anisotropy of the acceptor
after polarized excitation of the donor) would help to reduce the
localization uncertainty. As FRET anisotropy depends only on
the angle between the average TDM orientations, while FRET
efficiency depends on both, the fluorophore distance and the
relative average TDM orientations, FRET anisotropy measure-
ments are a source of independent information about the TDM
orientations. After introducing additional FRET anisotropy data
in the global NPS analysis of the 7A/7S network we observed
drastic improvement of localization accuracy (Figure 4e) yielding
Æσ xæ of only 1.5 Å (Figure 5). This suggests that the lack of
orientation information is the main cause of localization uncer-
tainty in the network studied here. We find also that the “true”
antenna positions are located closer to the center of the credible
volumes, which is expected in the absence of experimental noise.
We observe this pronounced improvement of the localization

Figure 5. Mean uncertainties of localization and average TDM orienta-
tion. Mean localization uncertainty, Æσ xæ, and mean average TDM
orientation uncertainty,ÆσΩæ, shown for different scenarios together
with the corresponding standard deviation (whiskers) indicating the
spread of uncertainties for different antennas.

Figure 6. Estimates of average antenna TDMorientations. Scatter plots
of marginal antenna average TDM orientations are shown together with
68% and 95% credible intervals (inner and outer countours) for antenna
2 (a�d) and all antennas (e and f). The true orientations are marked
with black stars (a�d)/dots (e and f). In (a and b) and (c and d) the 7A/
7S network and the extended network was analyzed, respectively. The
accuracy of orientation is higher for global (b and d) than for separate
analysis (a and c). Panels e and f show the estimated average TDM
orientations in the presence of additional FRET anisotropy data. Finite-
sized satellite position priors increase the orientation uncertainty only
slightly (f) as compared to (e), where satellite positions were known
with infinite accuracy, but still the orientation could be estimated
accurately.
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accuracy only if the FRET efficiency and FRET anisotropy data
of the whole FRET network is analyzed globally, and find a much
smaller effect when we analyze the network separately (Æσ xæ =
9.5 Å, Supporting Information, Suppl. Figure 2).
Since we have now shown that with the position�orientation

NPS we can accurately determine the antenna positions, we can
release our initial constraint about perfectly known satellite
positions and investigate how finite-sized volumes change the
localization accuracies. We find that localization accuracy de-
creases (Figure 4f) and Æσ xæ = 3.0 Å is twice as large as before
(Figure 5). Thus it is desirable to have well-defined satellite
positions, e.g., by using short linkers.
Up to now, we focused only on the marginal antenna position

estimates, however, position�orientation NPS allows also to
infer the average TDM orientations of each fluorophore. In
analogy to the analysis of positions we define the mean average
TDM orientation uncertainty, ÆσΩæ (Supporting Information,
Suppl. methods), which quantifies the spread of the average
antenna TDM orientation estimates within each scenario.
We find that the improvement of the localization accuracy

through the course of the studied scenarios is in most cases
accompanied by a better estimation of the average TDM
orientations as shown in Figures 6 and 5. While it is impossible
to calculate the average TDMorientations precisely by separately
analyzing FRET efficiency data as shown for a typical antenna in

both the 7A/7S network (Figure 6a, ÆσΩæ = 0.52 rad) and the

extended (Figure 6b, ÆσΩæ = 0.53 rad), global analysis allows

already to compute rough estimates (Figure 6c,d, ÆσΩæ = 0.46
and 0.40 rad, respectively). By additional measurement of FRET
anisotropies, the average TDM orientations are accurately esti-

mated (Figure 6e, ÆσΩæ = 0.04 rad) even when the satellite

position is not exactly known (Figure 6f, Æσ Ωæ = 0.05 rad). Thus,
although the average TDM priors did not contain any informa-
tion about orientation, and FRET anisotropy depends only on
the relative angle between the average TDM orientations (eq 5),
we could recover the orientation of average TDMs relative to the
macromolecule.
NPS Docking. An important application of FRET measure-

ments is to determine the position and orientation of proteins of
known structure within large transient complexes. Therefore we
explore here the capability of NPS docking to analyze FRET
measurements between different macromolecules within a com-
plex. Similar to the above localization of fluorophores we studied
the influence of FRET efficiency only measurements, combined
FRET efficiency and anisotropy measurements, and infinitely
small as well as finite-sized fluorophore accessible volumes.
While the inherently global analysis allows for docking of several
components simultaneously, we applied it here to two compo-
nents and used the same fluorophore positions, orientations and
data as in the calculations before (Methods). In contrast to the
previous section now all antennas were attached to a hypothetical
yet unlocalized macromolecule. First, we studied how unknown
fluorophore orientation limits the localization accuracy of the
docked component and used infinitely small accessible volumes
for both satellites and antennas, fixing hereby the relative
positions of the antennas. We found that in this case FRET
efficiency data was already sufficient for accurate docking
(Figure 7a), which is reflected by the small localization uncer-
tainty (see Methods) of the point at the origin of the docked

frame of reference, σ(0,0,0) = 1.1 Å. Additional FRET anisotropy

data improved docking (Figure 7b, σ(0,0,0) = 0.6 Å). After
introduction of finite-sized antenna and satellite accessible
volumes we observed that in the analysis of FRET efficiency
and FRET anisotropy data the localization uncertainty increased

strongly (σ(0,0,0) = 2.5 Å) (Figure 7c). This effect limiting the
localization accuracy here can be easily understood as satellite
and antenna attachment contribute both to the localization
uncertainty. Especially in a docking application it is thus desirable
that the dye positions are accurately known with respect to the
macromolecule they are attached to.
Alternative FRET Localizaion Experiment Design.We have

shown that the localization accuracy of FRET experiments can be
limited to a large extent by the unknown average transition dipole
orientations of the fluorophores even when fluorescence aniso-
tropies are moderate. A common strategy to reduce orientation
effects (and therefore fluorescence anisotropy) is the usage of
long linkers for fluorophore attachment. While this strategy can
still be a good choice when a change in FRET efficiency should be
interpreted as distance change in just one FRET pair, we have
shown that even when orientation information is inferred from
several FRET measurements, long linkers can decrease the
localization and docking accuracy (Figures 4e,f and 7). More-
over, long linkers can potentially lead to different conformations
with measurably different photophysical properties, especially
when the dyes can stick to the protein.44 This, in turn, can be
misinterpreted as conformational dynamics of the macromole-
cule and thus complicate the analysis.
We propose therefore to use fluorophores with short, and

when possible, even bivalent linkers used in polarization
microscopy,4,45�47 when both FRET efficiency and FRET
anisotropy can bemeasured in a sufficiently large FRET network.
In this way, the accuracy decrease caused by inaccurate satellite

fluorophore positions will be minimized even though strong
orientation effects will appear. As these orientation effects can be
accounted for in the position�orientation NPS, FRET data

Figure 7. NPS Docking. A reference frame attached to a macromole-
cule (brown ocher surface) that was docked to another macromolecule
(gray surface) is shown. The docking was done by analyzing either
FRET efficiency only (a) or FRET efficiency together with FRET
anisotropy (b and c) between satellites (gray spheres) and antennas
(not shown). Calculation results are displayed as 95% credible volumes
(colored semitransparent surfaces) of the origin (red) and three points
(orange, yellow, and green) located on each coordinate axis 40 Å away
from the origin. The docking remains well-defined even when uncer-
tainties in the positions of satellites and antennas are introduced (c).



11935 dx.doi.org/10.1021/jp2060377 |J. Phys. Chem. B 2011, 115, 11927–11937

The Journal of Physical Chemistry B ARTICLE

measured under these experimental conditions can be used to
accurately determine both the position and orientation of
fluorophores. Also the presence of dynamic or heterogeneous
FRET efficiencies and anisotropies, which should be accounted for
in future NPS models, can be then directly related to potentially
interesting conformational changes or structural heterogeneity of
the macromolecule. It would be also possible to apply NPS
docking and precisely determine the orientation of a macromole-
cule within a complex by using only a few labeling sites if the
average TDM orientation of satellites were known a priori.
Measurements of the absolute orientation of the fluorophore48

or macromolecule46,47,49 requiring immobilization of the complex
in a known orientation could be avoided in this way.
The benefit of shorter linkers and the measurement of FRET

anisotropy in addition to FRET efficiency has been demon-
strated recently by Sindbert et al.,33 who measured distances
between dyes attached to nucleic acids. There, the authors
determined distances based on FRET efficiencies averaged over
all possible TDM orientations and accessible dye positions and
assumed that the dyes must be able to perform a slow, completely
unconstrained rotational and translational motion. Due to this
averaging, they were not able to recover fluorophore orientations
and did account for orientational effects on the level of F€orster
distances, which is in a distant sense comparable to our posi-
tion�F€orster distance NPS. Though their approach seems to
work for intermediate and long linkers they reported that it fails
for short linkers as the dyes start to stick to the nucleic acids. In
contrast, the theory discussed here should work well also if very
short linkers are used or if the fluorophores are hindered in their
rotation, like for example in our previous measurements of RNA
polymerase II.16,23,24 Although Sindbert et al.33 used FRET
anisotropy measurements to constrain the range of possible
F€orster distances, their analysis cannot account for correlations
in the F€orster distances of a FRET network, and is thus unable to
achieve the localization accuracy presented here by globally
analyzing FRET efficiency and FRET anisotropy data with
position�orientation NPS.
Model Selection and Data Preprocessing. In all preceding

analyses we assumed to know the number of possible states the
macromolecule can exist in, and based thereon, we could
construct a suitable model describing the data. For example,
one could think of one antenna fluorophore located in two
different positions depending on the conformation of the
macromolecule, so that two antennas (instead of only one)
should be used in the NPS analysis. However, in most cases the
number of conformational states needs to be derived from the
data. This can be easy if the state of the macromolecule can be
controlled, e.g., by purification or by stabilization of a complex
with a ligand, but it can be difficult to determine the number of
states if control is not possible.
Choosing the number of states based on the experimental data

is a special case of model selection, and it is crucial for the
biological interpretation of the experiment. If single-molecule
FRET (sm-FRET) is monitored over time, one can use hidden
Markov models (HMM) and apply either maximum-likelihood
estimation (MLE)34,35 or Bayesian data analysis.36 If time infor-
mation is not available or extracting information about possible
underlying dynamic processes is not necessary, popular methods
to analyze sm-FRET data are fitting of histograms,9,13,14,16,23,24

probability distribution analysis (PDA),37,38 and proximity ratio
histograms (PRH).39 In most of the above approaches, the
number of states is typically obtained by some heuristic rule based

on the goodness of the fit or by visual inspection of the data. In
Bayesian data analysis, however, the number of conformational
states is determined by selecting themodelMwithKM stateswhich
maximizes the evidence that is proportional to the posterior
probability of the model M.36

From the point of view of NPS, the methods above, referred to
as preprocessing methods in the following, are very important as
they allow one to extract the FRET efficiencies and FRET
anisotropies from the measured data. Furthermore, since up to
now model selection was applied to study sm-FRET data
measured for only one pair of labeling sites, NPS can yield
structural information that could be very valuable to select the
correct number of conformational states. For example, a state
with a highly improbable fluorophore position (e.g., inside of the
macromolecule) can be easily ruled out, something that is not
possible with methods which cannot account for data of several
different pairs of labeling sites simultaneously. It is thus necessary
to combine preprocessing approaches with NPS and to obtain
the posterior probability of a structural model.
In order to compare different models we derive how the

evidence obtained in an NPS calculation can be used together
with the results of sm-FRET data preprocessing, so that it is
possible to determine the number of conformational states based
on FRET measured between several different labeling sites. We
assume that initially every model is equally probable and that a
constant prior for the FRET observables (i.e., FRET efficiency
and FRET anisotropy) is used in the preprocessing. We find that
the model probability (full derivation given in the Supporting
Information, Suppl. discussion 4.2), which is proportional to the
evidence ZM, is given by

pðMjdata, IÞ � ZM ¼ ZPP
M

πPP, O
M

KM!Z
NPS
M ð15Þ

where ZM
PP is the evidence calculated with preprocessing, πM

PP,O is
the value of the constant prior in all FRET observables abbre-
viated by O, andKM is the number of states in the modelM. ZM

NPS

is the evidence obtained in a position�orientation NPS calcula-
tion (eq 7). The computed evidence for all global analysis
schemes discussed here can be found in the Supporting Informa-
tion, Suppl. Table 5.
Since least-squares-fitting FRET histograms is a popular way

of extracting FRET efficiencies and FRET anisotropies, we also
derive how the results of this preprocessing method can be used
to approximately calculate the evidence ZM and hence the
probability of the model M. We assume that one or more
distributions (e.g., Gaussians) are fitted to the histogram of
FRET efficiencies (or FRET anisotropies) of each measured
pair of dyes. Each distribution is characterized by a center FRET
efficiency (or FRET anisotropy) value and a width parameter
(e.g., standard deviation). In that case the evidence of the model
is approximately given by

ZM ≈ const 3W
�1ð2πÞNM

ffiffiffiffiffiffiffiffiffiffi
det C

p
exp �χmin

2

2

" #
KM!Z

NPS
M

ð16Þ
whereW�1 is the inverse of the product of the widths of all peaks
in all fits (both FRET efficiency and FRET anisotropy),NM is the
total number of peaks fitted in all histograms, detC is the product
of all determinants of covariance matrices, and χmin

2 is the sum of
all minimized χ2 values obtained. The constant const is the same
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for all models used to fit the same data set, thus ZM can be used to
select models based on their posterior probability. The full
derivation of eq 16 is given in the Supporting Information,
Suppl. discussion 4.2.2.
In order to be valid, eq 16 requires as a prerequisite that the

center values obtained in the fit lie several standard errors away
from the minimum and maximum possible values of the ob-
servables. For example, the center FRET efficiency E of a
Gaussian determined within ΔE standard error should satisfy
a(ΔE) < E < 1� a(ΔE), where a should be set to 2 or more. One
must also make sure for each fit that the χ2 surface in the
proximity of the estimated parameters is approximately a quad-
ratic function of the parameters.
A special commonly occurring application of eqs 15 and 16 is

the comparison of models with the same number of conforma-
tional states KM but with unknown assignment of FRET peaks to
conformational states. In that case the probability ofmodelM can
be computed directly from ZM since all remaining terms in eq 16
are constant and do not depend on the particular model.

’CONCLUSION

We have extended NPS to the analysis of FRET networks
with multiple satellites and antennas by dropping the approx-
imations made previously23 and analyzing the data on a fully
numerical basis. We compared the new, more general variant
(position�orientation NPS), to the previous approach (position�
F€orster distance NPS) and analyzed FRET efficiency networks
containing only one antenna. Both NPS variants produced
similar results indicating that the approximations made in the
position�F€orster distance NPS hold, and that the MCMC
calculations work correctly.

By analyzing a FRET network consisting of several satellites
and antennas, we demonstrated that the localization accuracy can
be improved by global data analysis of a sufficiently large network.
Further, we studied how the introduction of FRET anisotropy in
addition to FRET efficiency data influences localization, and
found that FRET anisotropy can be used to estimate the average
TDM orientations of the dyes and thus eliminate an important
source of uncertainty inherent to FRET localization methods
that rely only on FRET efficiency measurements.

Based upon these findings, we propose to use short or even
bivalent linkers rather than the commonly used long linkers for
dye attachment. In this alternative FRET localization experiment
design, one aims to achieve a well-defined fluorophore position
and orientation, which can be determined by NPS, so that
possible dynamics or heterogeneity of FRET can be directly
attributed to the macromolecule.

We could also demonstrate docking using FRETmeasurements
by parametrizing the position and orientation of an unlocalized but
structurally known macromolecule part, describing antenna posi-
tions and average TDM orientations relative to this part, and
analyzing the problem with position�orientation NPS.

Finally, we derive how common FRET data preprocessing
techniques can be coupled to NPS. In this way it is possible to
select structural models of a macromolecule or a macromolecular
complex based on their probability and to determine the number
of conformational states. We point out that the probability of the
model is calculated from FRET data measured between several
different labeling positions and allows to combine several FRET
data sets in an consistent way, whereas up to now only the
analysis of one pair of labeling positions was possible.
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