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Outline:  

Ø  Introduction to the field of ultracold atoms and molecules 

Ø   Idea behind the MCTDHB method and benchmarks 

Ø  Applications to BECs with Repulsive, Attractive, Short- and Long-range inter-boson interactions 

in 1-D-, 2-D- ,3-D… 

Ø  Condensation and Fragmentation: How to measure? 

Ø  MCTDHB-Laboratory package 

Ø  Conclusions	
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ρ(r,r ';t) = Ψ*(r,r2 ,r3,...,rN ;t)∫ Ψ(r ',r2 ,r3,...,rN ;t)dr2...drN = ρkq (t)φk
*(r,t)φq (r ',t)

k ,q
∑

The	Nobel	Prize	in	Physics	2001	was	awarded	jointly	to		

Eric	A.	Cornell,	Wolfgang	KeUerle	and	Carl	E.	Wieman		

"for	the	achievement	of	Bose-Einstein	condensa4on	in	dilute	

gases	of	alkali	atoms,	and	for	early	fundamental	studies	of	

the	proper4es	of	the	condensates" 

The	density	of	the	many-parHcle	wave-funcHon	is	directly	available	in	experiments	

Bose-Einstein	CondensaHon		
at	400,	200,	and	50	nano-Kelvins	(hUp://

www.colorado.edu/physics/2000/index.pl)	

Ψ(x,t) =Ψ(!r
1
,
!r
2
,…,
!r
Ν
,t)

The	 density	 of	 the	 atomic	 cloud	 is	 shown,	
with	 temperature	 decreasing	 from	 leO	 to	
right.	 The	 high	 peak,	 the	 Bose-Einstein	
condensate,	 emerges	 above	 the	 other	
atoms.	 The	 picture	 is	 from	 the	 JILA	
laboratory.	
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,r t→ V( )

2 2 2 2 2 21 1 1
2 2 2, , x y zx y z m x m y m zω ω ω= + +V( )

All the terms of the Hamiltonian are under 
experimental control and can be manipulated 

1D-2D-3D:				Control	on	dimensionality	by	changing	the		aspect	raHo	of	the	trap				

Ĥ = −
1
2m

∇ !ri
2 +V (!ri ;t)

#

$
%

&

'
(

i=1

N

∑ + λ0W (
!ri ,
!rj ;t)

i< j

N

∑
BECs	of	alkaline,	alkaline	earth,	and	lanthanoid	atoms	

(7Li,	23Na,	39K,	41K,	85Rb,	87Rb,	133Cs,	52Cr,	40Ca,	84Sr,	86Sr,	88Sr,	174Yb,164Dy,	and	168Er	)	

The	interatomic	interac-on	can	be	widely	varied	with	a	
magne-c	Feshbach	resonance…	(Greiner	Lab	at	Harvard.	)	Magneto-op6cal	trap	
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Time-Dependent Schrödinger equation governs 
the physics of trapped ultra-cold atomic clouds 

To	solve	the	Time-Dependent	Many-Boson	Schrödinger	EquaHon		

we	apply	the	MulH	ConfiguraHonal	Time	Dependnet	Hartree	(for)	Bosons	method:			
PRL	99,	030402	(2007),	PRA	77,	033613	(2008)	

It	solves	TDSE	numerically	exactly	–	see	for	benchmarking	PRA	86,	063606	(2012)		
http://QDlab.org 

i! ∂
∂t
Ψ(x,t) = Ĥ Ψ(x,t)

One	has	to	specify	ini6al	condi6on	

	

and	propagate	Ψ(x,t)→	Ψ(x,t	+Δt)			

Ĥ = −
1
2m

∇ !ri
2 +V (!ri ;t)

#

$
%

&

'
(

i=1

N

∑ + λ0W (
!ri ,
!rj ;t)

i< j

N

∑

Ψ(x,t = 0) =Ψ(!r
1
,
!r
2
,…,
!r
Ν
,t = 0)
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Condensation: O. Penrose and L. Onsager (1956) 
Fragmentation: P. Nozieres and D. Saint James (1982) 

Condensa6on:		n1≈N		is	macroscopic	occupaHon		Phys.	Rev.	104	(1956)	

Ĥ = −
1
2m

∇ !ri
2 +V (!ri ;t)

#

$
%

&

'
(

i=1

N

∑ + λ0W (
!ri ,
!rj ;t)

i< j

N

∑

ρ(r,r ';t) = Ψ*(r,r2 ,...,rN ;t)∫ Ψ(r ',r2 ,...,rN ;t)dr2...drN = ρkq (t)φk
*(r ',t)φq (r,t)

k ,q
∑

Natural	analysis	(eigenvalues	and	eigenvectors	of	the	RDM):	

ni		–		natural	occupa6on	numbers			φiNO	–		natural		orbitals	

Fragmenta6on:	several	NO	macroscopically	occupied	J. Phys. France 43, 1133 (1982)	

e.g.	n1≈N/2	n2≈N/2			2-Fold	fragmenta6on	

Diagonalization! →!!!! = ni φi
NO (r,t)φi

*,NO (r ',t) = ni φi
NO (r = r ',t)
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MulH-ConfiguraHonal	Time-Dependent	Hartree	for	Bosons	
MCTDHB:	Key	idea		

PRL	99,	030402	(2007),	PRA	77,	033613	(2008)	

1( , )x tφ 2( , )x tφ

1n 2n

21,n n
!Cn1−1,n2+1(t) | n1 −1,n2 +1〉+Cn1,n2 (t) | n1,n2 〉+Cn1+1,n2−1(t) | n1 +1,n2 −1〉!

Orbitals	φ	’s	and	expansion	coefficients	Cn1,n2’s	
are	Hme-dependent,	i.e.,	change	during	the	evoluHon	
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MulH-ConfiguraHonal	Time-Dependent	Hartree	for	Bosons	
MCTDHB:	Ideology		

PRL	99,	030402	(2007),	PRA	77,	033613	(2008)	

MCTDHB(M) ansatz for the wave-function:  
linear combination of time-dependent permanents 

ΨGP≡ MCTDHB(1) = φ(x1,t)φ(x2 ,t)φ(x3,t)…φ(xN ,t)→ N ,0,0,...,0;t

ΨMCTDHB(M ) = Ci1,i2 ,!,iM (t)
i1,i2 ,!,iM

N

M

F
∑ Φi1i2…iM

(x1,…,xN ,t) = Ci1,i2 ,!,iM (t) | i1i2i3i4!iM ;t〉
i1,i2 ,!,iM

N

M

F
∑

Φi1i2i3i4…iM
(x1,x2 ,…,xN ,t) = Sφ1(x1,t)!φ1(xi 1 ,t)

i1
" #$$$ %$$$

!φ2 (xi1+i 2 ,t)

i2
" #$$ %$$

!φM (xN−iM
,t)!φM (xN ,t)

iM
" #$$$$ %$$$$

Limiting one-configurational MCTDHB(M=1)  case 
gives the famous Gross-Pitaevskii mean-field theory 

Every permanent | i1 i2 i3 i4…iM ;t›  
is a symmetryzed time-dependent Hartree product  
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MCTDHB(M=1) is fully equivalent to the 
famous Gross-Pitaevskii equation	

−
1
2m

∂2

∂x2
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Gross-Pitaevskii mean-field theory 
Aka NLSE 



Multi-Configurational Time-Dependent Hartree 
for Bosons, Fermions and Mixtures 

Ψ(x
1
,x

2
,…,x

Ν
,t) = Ci1,i2 ,i3 ,iM

i1,i2 ,i3 ,iM

N

M

F
∑ (t)Φi1i2i3i4…iM

(x1,x2 ,…,xN ,t)

Φi1i2i3i4…iM
(x1,x2 ,…,xN ,t) = Sϕ1(x1,t)!ϕ1(xi 1 ,t)

i1
" #$$$ %$$$

!ϕM (xN−iM
,t)!ϕM (xN ,t)

iM
" #$$$$ %$$$$

ü  4me-dependent	orbitals	are	determined	varia6onally!	
	This	reduces	the	number	of	func6ons	needed	substan6ally	

ü  expressions	derived	are	for	general	two-,	three-...	many-body	interac6ons	
MCTDHB:	 	 	A.I.	Streltsov,	O.E.	Alon,	and	L.S.	Cederbaum,	Phys.	Rev.	Led.	99,	030402	(2007)		
																			 	 	O.E.	Alon,	A.I.	Streltsov,	and	L.S.	Cederbaum,	Phys.	Rev.	A	77,	033613	(2008)	
MCTDHF:	 	 	J.	Zanghellini,	M.	Kitzler,	C.	Fabian,	T.	Brabec,	and	A.	Scrinzi,	Laser	Phys.	13,	1064	(2003)	
																		 	 	T.	Kato	and	H.	Kono,	Chem.	Phys.	Led.	392,	533	(2004)	
																		 	 	M.	Nest,	T.	Klamroth,	and	P.	Saalfrank,	J.	Chem.	Phys.	122,	124102	(2005)	
																		 	 	O.E.	Alon,		A.I.	Streltsov,	and	L.S.	Cederbaum,	J.	Chem.	Phys.	127,	154103	(2007)	
MCTDH-XY:	 	 	O.E.	Alon,	A.I.	Streltsov,	and	L.S.	Cederbaum,	Phys.	Rev.	A	76,	062501	(2007)		
MCTDH-conversion:										 	O.E.	Alon,	A.I.	Streltsov,	and	L.S.	Cederbaum,	Phys.	Rev.	A	79,	022503	(2008)	
Recursive	formulaHon:											O.E.	Alon,	A.I.	Streltsov,	L.S.	Cederbaum,		K.	Sakmann,	A.U.J.	Lode,	J.	Grond,	Chem.	Phys.	401,	2	(2012)	
Linear	Response:																						J.	Grond,	A.I.	Streltsov,	L.S.	Cederbaum,	and	O.E.	Alon,	Phys.	Rev.	A	86,	063607	(2012),		

	 		O.E.	Alon,	A.I.	Streltsov,	L.S.	Cederbaum,		J.	Chem.	Phys.	140,	034108	(2014)	

e.g.	Bosons:	
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Benchmarks:	PRA	86,	063606	(2012)		
MCTDHB	vs.	Exact	Results			

Harmonic	InteracHon	Model	(HIM)	

Ĥ = (− 1
2
∂!ri
2 +
1
2
ϖ 2!ri

2 )
i=1

N

∑ + K0 (
!ri −
!rj )

i≠ j
∑

2

HIM	is	exactly	solvable	in	any	D	dimensions	

by	transformaHon	to	the	center-of-mass	and	relaHve	coordinates:	

!qi =
1
j( j +1)

(!rj+1 −
!ri )

i=1

j

∑ , j =1,...,N −1; !qN =
1
N

!ri
i=1

N

∑

Ĥ = (− 1
2
∂!qi
2 +
1
2
δN
2 !qi

2 )
i=1

N−1

∑ −
1
2
∂!qN
2 +

1
2
ϖ 2 !qN

2

2
02N NKδ ϖ= +

exact

Ground
StateE =

D
2
(N −1)δN +

D
2
ϖ

11	



Benchmarks	-	StaHc:	PRA	86,	063606	(2012)		
MCTDHB	vs.	Exact	Results.	Exact	HIM	Results	

	HIM	Ground	State		–	enormous	relevance	of	the	self-consistency	

12	



Benchmarks-Dynamics:	PRA	86,	063606	(2012)			
MCTDHB	vs.	Exact	Results	
	Driven	Time-dependent	HIM	

Driven	by	f2(t)=sin(t)cos(2t)sin(0.5t)	sin(0.4t),	N=10,	N=50,	K0	=	0.5		



List	of	Applica6ons	Heidelberg:  

Ramp-up a barrier: PRL	99,	030402	(2007)	

Interference: PRL	98,	110405	(2007) 

Fragmentons: PRL	100,	130401	(2008)	

CATons: FormaHon	PRA	80,	043616	(2009);	Efficient	generaHon		JPB,	42	091004	(2009)	

Fragmentation in 3D: PRL	100,	040402	(2008);	PRA	82,	033613	(2010)	 

BJJs:	Exact	dynamics	of	Josephson	juncHons:	PRL	103,	220601	(2009);	PRA	82,	013620	(2010)		

Bright solions:	Swip	loss	of	coherence:	PRL	106,	240401	(2011)		

How bosons tunnel to open space: Proc.	Natl.	Acad.	Sci.	109,	13521	(2012)	

Finite- and long-range 1-2-3D:	PRA	88,	041602(R)	(2014);	PRA	87,	033631	(2013),	PRA	89,061602(R)	(2014)		

Tunneling in 2D:		PRA	90,	043620	(2014),	PRA	92,	043627	(2014)	
Graz/Vienna Heidelberg-Hamburg-Ulm:  

Optimal control of number squeezing:		PRA	79,	021603	(2009),	PRA	80,	053625	(2009)	

Optimal control CRAB-MCTDHB:		PRA	92,	062110	(2015)		
Interferometry:  NJP	12,	065036	(2010),	PRA	84,	023619	(2011) 

Vienna II:  

Wave Chaos and depletion:	PRA	86,	013630	(2012),		J.	Phys.:	Conf.	Ser.	488	012032	(2014)	

	

Fragmentation phenomena with MCTDHB 

Just/recently started: Aarhus, Berkeley, Barcelona, Basel, Cambridge, Dubna, Haifa, 

Hamburg, Hannover, Kaiserslautern, São Paulo,	Stanford,  Ulm, ... 

want to join?       http://MCTDHB.org http://qdlab.org 14	



List	of	Applica6ons	Repulsive BECs - is split onto two by ramping-up a Gaussian time-dependent barrier				PRL	99,	030402	(2007)		

Fragmentation phenomena with MCTDHB 

15	

(i)  Adiabatic regime		ini4al	condensed	ground-state	evolves	towards	the	ground	two-fold	fragmented	

eigenstate	of	the	final	trap	

(ii)  Inverse regime		4me-dependent	state	stays	condensed	during	all	the	evolu4on	and	thereby	evolves	to	a	non-

ground	many-body	eigenstate        http://QDlab.org 



Op6c	solitons	



Mader-waves:	Paris	Li	7	

17	



Mader-waves:	Jila	Rb	85	
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Dynamically	stable,	localized	quantum	many-body	
Soliton	exists	at	the	many-body	level	

			IniHal	wave-packet:		locaHon	at	x=0,	velocity		 	 																																
Lep:		wall	(x+5)2/2															Right:		barrier	Exp(-(x-5)2/2)			

!v = −1.0

2* *
2 2 2

,

( , '; ) ( , ,..., ; ) ( ', ,..., ; ) ... ( ) ( , ) ( ', ) ( ', )NO
N N N kq k q i i

k q i

t t t t t tr r tr r r r r r dr dr r r n r rρ ρ φ φ φ= Ψ Ψ = = =∑ ∑∫
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Surprises	in	AUracHve	1D		(Beyond GP)	

Technion/Zagreb/Beer Sheva  

H.	Buljan,	M.	Segev,	and	A.	Vardi			PRL		95,	180401	(2005)  
 

Paris 

Ch.	Weiss	and	Y.	CasHn			PRL		102,	010403	(2009)  
 

Heidelberg  

Fragmentons:  PRL	100,	130401	(2008)	

Catons:	FormaHon	PRA	80,	043616	(2009)		

	Efficient	generaHon		JPB	42,	091004	(2009)	

                       Death of soliton trains:  PRL	106,	240401		(2011)	 



List	of	Applica6ons	Attractive BECs – The initially coherent wave-packet can dynamically dissociate PRL 100, 130401 (2008) 
 into two parts when its energy exceeds a threshold value  - formation of  Fragmentons	

Fragmentation phenomena with the MCTDHB 

21	

ü The time-dependent GP theory applied to the same initial state does not show up the splitting 
the split object fragmenton possesses remarkable properties: 

(1)  two-fold fragmented,  (2) propagates almost without dispersion (3) delocalized NO 
http://QDlab.org 



List	of	Applica6ons	Attractive BECs –	AUracHve	BEC	is	scaUered	from	the	barrier											PRA	80,	043616	(2009)				
(FormaHon	of	Hme-dependent	Schrödinger	cat-like	state	–	CATon		)	

Fragmentation phenomena with the MCTDHB 

22	

Efficient	generaHon	of	Schrödinger	cats								JPB	42,	091004	(2009)		
	AUracHve	BEC	is	threaded	by	a	potenHal	barrier 

http://QDlab.org 



Analysis	of	split	case	
(proof	that	the	split	object	is	a	Schrödinger	cat	state)	

We	call	the	Schrödinger	cat	state	propaga6ng	without	
dispersion	and	being	of	fragmented	nature	CATon 

Fock	space	is	spanned	by:	|N,0›,|N-1,1›,...,|1,N-1›,|0,N›	configura6ons		

t=0:				

mainly	|0,N›	contribute		

t=20: 

mainly	|N,0›	and	|0,N›	
contribute,	respec6ve	
orbitals	are	localized	at		

lep	(blue)	and	right	(green)	



The	6me-dependent	Schrödinger	cat	state	–	CATon is	formed		

MCTDHB:	Efficient	generaHon	of	Schrödinger	cats	:		
AUracHve	BEC	is	threaded	by	a	potenHal	barrier		JPB,	42	091004	(2009)	

2* *
2 2 2

,

( , '; ) ( , ,..., ; ) ( ', ,..., ; ) ... ( ) ( , ) ( ', ) ( ', )NO
N N N kq k q i i

k q i

t t t t t tr r tr r r r r r dr dr r r n r rρ ρ φ φ φ= Ψ Ψ = = =∑ ∑∫
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Two	hump	in	phase	solitons	N=2000	(movie)	Time-evoluHons	of	iniHally-coherent	two-hump	
	in-phase	soliton:	GP	(lep)	vs.	Many-Body	(right)	



List	of	Applica6ons	Attractive BECs – Fate	of	bright	maUer-wave	soliton	trains	in	1D			PRL	106,	240401	(2011)		
Swip	loss	of	coherence	

Fragmentation phenomena with the MCTDHB 

26	

The initially coherent multi-hump  
wave-packets  dynamically loose the 

coherence and become fragmented 
http://QDlab.org 



Conclusions		
on	aUracHve	condensates	in	1D	

	Phys.	Rev.	A	80,	043616	(2009)	arXiv:0812.3573;	
J.	Phys.	B:	At.	Mol.	Opt.	Phys.	42	091004	(2009)	

ü  The initially coherent wave-packet  

     threaded by (scattered from) a barrier  

     (can) dynamically dissociate into two parts 

ü  The time-dependent GP theory applied to similar      

initial state does not show up the splitting 

ü  The split object CATon possesses remarkable 

properties: 

(1)  two-fold	fragmented,	i.e.,	not	coherent	

(2)  dynamically	stable,	i.e.,	it	propagates	almost	without	dispersion	

(3)  It	is	a	quantum	superposi4on	state	–	dynamical	Schrödinger	cat	state	
27	



System of N=108 bosons trapped in V(x) and 
interacting via λ0W(x-x‘)  Phys.	Rev.	A	88,	041602(R)	(2013)	

( )'
21

2

( )
nx x

D

x x

−⎡ ⎤= ⎢ ⎥⎣ ⎦

=

W R Sech

V( )

( )'1
2

61
2

( )
nx x

D

x x

−⎡ ⎤= −⎢ ⎥⎣ ⎦

=

W R Exp

V( )

( )2'( ) 1 1

0
3 04

nx x
D

x for x
x x for x

−= +

− <⎧⎪
= ⎨

≥⎪⎩

W R

V( )

W(R)		depicted	on	the	lep	and	right	panels	have	the	same	range	(width)	D,		
but		tails	of	the	right	ones	are		“shorter”	
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List	of	Applica6ons	Finite and Long-range interactions – Static properties Phys.	Rev.	A	88,	041602(R)	(2013)	
Dynamical stability Phys.	Rev.	A	89,	061602(R)	(2014)	

Fragmentation phenomena with MCTDHB 

29	

IrrespecHve	to	the	shapes	of	inter-parHcle	W(R)	and	trapping	V	(r)	strong	inter-parHcle	repulsion	leads	to	
formaHon	of	mulH-hump	localized	fragmented	structures		…		

Non-violent	regime	 	↔	under-a-barrier	AND	 	Violent,	explosive	regime	↔	over-a-barrier	dynamics	(when	the	
induced	barriers	are	not	high	enough	to	keep	the	sub-clouds	apart	from	each	other)	

4-fold fragmentation 



Dynamics N=100: sudden displacement of trap  
and sudden quench (reduction) of the repulsion  

Phys.	Rev.	A	89,	061602(R)	(2014),	arXiv:1312.6174 

To	visualize	wave-packet	dynamics	we	uHlize			
Minkovskii-like	space-Hme		representaHon	as	a	2D	plot	

21
2 1x x x= → −V( ) V( ) 0 0.5 0.1λ = →

30	



0 0.5 0.1λ = →0 0.5 0.65λ = →0 0.5 constλ = ≡

Message:	Two	generic	regimes:	(i)	non-violent	(under-a-barrier)	and		
(ii)	Explosive	(over-a-barrier)	

Dynamics N=100: sudden displacement of trap  
and sudden quench (reduction) of the repulsion  

Phys.	Rev.	A	89,	061602(R)	(2014),	arXiv:1312.6174 
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2 231
2 2, 1.5, 0.5x y x y x y= + → − −V( ) V( )

Dynamics N=100: sudden displacement of trap  
and sudden quenches of the repulsion in	2D 

	Phys.	Rev.	A	89,	061602(R)	(2014),	arXiv:1312.6174 

0 0.5 0.1λ = →
0 0.5 0.7λ = →

0 0.5 0.8λ = →

( , ) 40eff

ii r tV ×

Two	generic	regimes:	(i)	non-violent	(under-a-barrier)	and		
(ii)	Explosive	(over-a-barrier)	

2( , )LL r tφ

2( , )RR r tφ

( , )eff

RR r tV

( , )eff

LL r tV
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2 2 23 31
2 2 2, , 1.5, 0.5, 0.5x y z x y z x y z= + + → − − −V( ) V( )

0 0.5 0.8λ = →0 0.5 0.1λ = → 0 0.5 0.7λ = →

Dynamics N=100: sudden displacement of trap  
and sudden quenches of the repulsion in	3D 

Phys.	Rev.	A	89,	061602(R)	(2014),	arXiv:1312.6174 

Two	generic	regimes:	(i)	non-violent	(under-a-barrier)	and		
(ii)	Explosive	(over-a-barrier)	

33	



List	of	Applica6ons	

I-step: Split BEC ... It can be  

i) condensed n2<5%  

 ii) depleted n2<10%  

iii)  two-fold fragmented n2≈50%  

34	

II-step: Deflect split parts 

III-step: Apply a recombining laser-pulse of 

 a proper phase and momentum k 
at the re-collision 

IV-step: Measure populations of the 

sub-clouds propagating with different momenum 

in (+2k,0k,-2k)-channels 

n2=1-3N0k/2 

How to measure natural occupations?  With Interferometric Protocol! 

 Fragmentation phenomenon in BECs 
Repulsive, attractive, short-, finte- and long-range interactions  

Static and highly-non-equilibrium dynamics, 2- 3- 4- fold fragmentation 



List	of	Applica6ons	

I-step: Split repulsive BEC  

by Gaussian barrier A 

It can be condensed n2<5%,  depleted n2<10% or  

two-fold fragmented n2≈50%  

35	

How to measure natural occupations?  With Interferometric Protocol! 

 Fragmentation phenomenon in BECs 
Repulsive, attractive, short-, finte- and long-range interactions  

Static and highly-non-equilibrium dynamics, 2- 3- 4- fold fragmentation 



List	of	Applica6ons	
How to measure natural occupations?  With Interferometric Protocol! 

 Fragmentation phenomenon in BECs 
Repulsive, attractive, short-, finte- and long-range interactions  

Static and highly-non-equilibrium dynamics, 2- 3- 4- fold fragmentation 
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II-step: To deflect the split parts we switch off 

the Gaussian barrier A=0 



List	of	Applica6ons	
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III-step:  Apply a recombining Kapitza-Dirac 
laser-pulse of a proper phase and momentum 

k=X0 (k2/2m=X0
2    / 2)  

at the re-collision time Trc 

ΨMB (x1,x2 ,...,xN ,t =Trc )
+ikx je +

−ikx j−iχe
#
$%

&
'(

j=1

N

∏

How to measure natural occupations?  With Interferometric Protocol! 

 Fragmentation phenomenon in BECs 
Repulsive, attractive, short-, finte- and long-range interactions  

Static and highly-non-equilibrium dynamics, 2- 3- 4- fold fragmentation 



List	of	Applica6ons	

38	

IV-step:  Measure the populations of the sub-
clouds  at T=π propagating 

 with different momenum (k-channels) 

n2=1-3N0k/2 

How to measure natural occupations?  With Interferometric Protocol! 

 Fragmentation phenomenon in BECs 
Repulsive, attractive, short-, finte- and long-range interactions  

Static and highly-non-equilibrium dynamics, 2- 3- 4- fold fragmentation 



List	of	Applica6ons	
Interferometric Protocol to measure natural occupations works! 

At A=13: RDM n2= 5.43% Interfer. n2≈ 5.67% 

 At A=14: RDM n2=10.20% Interfer. n2≈10.37% 

 At  A=17: RDM n2=45.53% Interfer. n2≈45.59% 

39	

3)   Apply a recombining laser-pulse of a 

proper phase and momentum k 
at the re-collision 

4) Measure the populations of the k-channels 

n2=1-3N0k/2 

Small differences due to approximations: 

1)    k=mϖX0 (strict only for Gaussian sub-clouds) 

2)   As X0 we took minima of the dowble-well trap  

 Fragmentation phenomenon in BECs 
Repulsive, attractive, short-, finte- and long-range interactions  

Static and highly-non-equilibrium dynamics, 2- 3- 4- fold fragmentation 



	
Conclusions	on	How	to	measure	fragmentaHon?	

arXiv:1412.4049	
	
	 Interferometric	Protocol		

	
Universal:	

Ø  Repulsive, attractive, short-, finte- and long-range interactions  
 

Ø  Static states and highly-non-equilibrium dynamics 

Simple:		

Ø  Accessible from a single-shot measurement  - does not require 
statistical averages 

 

QuanHtaHve:	

Ø  “Interferometric” natural occupations  ni  are very close to the 

exact, theoretical  ones obtained by diagonalizing  the RDM 

(for example RDM n2=45.53% Interfer. n2≈45.59%) 
SelecHve:	

Ø  Varying the phase χ of the applied laser Dirac-Kapitza pulse: 

e[-ikx]+e[+ikx+iχ]  

 one can select  which occupation  number to measure. In the 

above double-well example to access n2 we use χ=0, to access n1 

one should use χ=π 

40	
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Linux:	

hUp://www.QD-lab.org		



42	

Mac		OS:	

hUp://www.QD-lab.org		



43	

Windows:	

hUp://www.QD-lab.org		



44	

Win&Mac&Linux:	

hUp://www.QD-lab.org		
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Win&Mac&Linux:	

hUp://www.QD-lab.org		
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