Ubungsblatt x

Aufgabe 1 Consider the Hilbert space C? ® C? and the unitary 2 x 2
matrix

U6, ) = cos § e " gin %
i —e'® gin % cos § '

Which of the following states are entangled?

() (U1, 61) @ U(02,62))(1,0,0,0)"
(i) (U601, 61) ©U(62,62))(0,0,0,1)7

(iii) (U(91,¢1) ®U(92,¢2))\%(1,0,0,1)T

where ® denotes the Kronecker product and T denotes the transpose.

Aufgabe 2 We consider the Hilbert space H 4 ® Hp, where

Ha=Hp =C?.

(i) Consider the state

1

addiprd

1

Calculate
pa = trng ([V)Y]),  pp = tryg, (1) (¥))

and

—tr(palogy pa),  —tr(pplog, pp)

va_f_here —tr(palogy pa) denotes the von Neumann entropy.
(ii) Consider the state

if
W=

Sl

-1
Calculate

pa =ty (V) (W)

and
—tr(palogy pa).

(iii) Consider the state
1

W)= 5 et | )

il
where U; and Us are unitary matrices acting on C2. Calculate
pa = trag(IW)W]),  —tr(palogy pa)-
(iv) Consider the state
1
W)= 0ot | g

=1
where U; and Us are unitary matrices acting on C2. Calculate
pa = tryg (1) (W)

and
—tr(p,q logs pA)-



Aufgabe 3 Consider the Greenberger-Horne-Zeilinger state

Loye0 e +mnen e

GHZ) = =5

and the W-state

%um ®10)® 1) +[0) ® |1) ®[0) + 1) ® [0) ®[0)).

W) =

(i) Calculate
(V20| ® I, ® L)|GHZ), (V2I;® (0|® I2)|GHZ)

(V2L @ L ® (0)|GHZ), (V2(1|® I, ® I,)|GHZ)
(V2L ®(1|® L)|GHZ), (V2L ®L ®(1|)|GHZ).

and discuss.
(iii) Calculate

(\/ﬁ;(m ®L® 12) W), (%1—2 ®(0|® IZ) W),

(%IQ L ® (OI) W), (V3(ll® L e L)W),

(V3R ®(1|@L)W), (V3L®L e (1))|W)

and discuss.

Aufgabe 4
Let Ha and Hp be finite-dimensional Hilbert spaces. Let

H be the Hilbert space H = Ha ® Hp, i.e., H is the tensor product of
the two Hilbert spaces H 4 and Hp. Let [t)) be a normalized vector (pure
state) in H. Let X be an observable (described as a hermitian matrix X )
in H. Then (1| X|1)) defines the expectation values. The following three
conditions are equivalent when applied to pure states.

L. Factorisability: |¢) = |a) ® |(3), where |a) € H 4 and |3) € Hp with |ex)
and |3) normalized.

2. The generalized Bell inequality: Let Ay, A; be hermitian operators
(matrices) in H 4 with

AleAs A% :IA

where 1, is the identity operator in H 4. Let Bl, B’g be hermitian operators
(matrices) in Hp with

B=1y, Bi=1Iy

where I B is the identity operator in Hp. Thus the eigenvalues of Al, Az,
By and B, can only be +1. The generalized Bell inequality is

(141 @ Buly) + (| A1 ® Balw) + ($]4s ® By |p) — (1] A2 ® Balth)| < 2.

3. Statistical independence: For all hermitian operators A on H 4 and B on
‘Hp with the conditions given above

(WA ® Blop) = (Y| A ® Ip|yh) (Y|T4 @ Blap) .

(i) Show that condition 3 follows from condition 1.
(ii) Show that condition 2 follows from condition 3.



AUfgabe 5 Let H4 and Hp be finite-dimensional Hilbert spaces. Let
‘H be the Hilbert space H = Ha ® Hp, i.e., H is the tensor product of the
two Hilbert spaces H 4 and Hp.

Let A, Ay be hermitian operators (matrices) in H 4 with
Al=1,, ‘Al=H.
Let B, B, be hermitian operators (matrices) in Hp with
Bi=Ig, Bi=1Ip.
The generalized Bell inequality is given by
(141 ® Bil) + ($]A1 ® Bal) + (¥]A2 ® Bulw) — (4142 ® Balw)| < 2.

Let Hq = Hp = C2. Let {|0),|1) } be the standard basis in C?. Consider
the entangled state in H = C* (EPR-state)

1
) = E(IU) ®1)-11)®]0)).

Show that this state and the operators

A= 0. Ay =i,

- 1
By i= —=(0z +ay), By =

V2

violate the Bell inequality.
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