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. Sub-atomic systems —
including light nuclei,
hadrons, few-nucleon
physics and nuclear
astrophysics

. Atomic and molecular
systems, cold atoms and
lons.

. Few-body methods

. Few-body physics in many-
body systems

. New topics in few-body
physics

We look forward to seeing you
in Aarhusin August 2016!

Website: conferences.au.dk/efb23
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A SIMPLE' QUESTION

How many is ‘many’really?

STRONG INTERACTIONS IN 1D APRIL19 2016
NIKOLAJ THOMAS ZINNER 3



/ AARHUS
NP UNIVERSITET

AN AN SW ERf) Source: Wikipedia

Richard Adams novel 1972

Subitizing
Kaufman, EL, Lord, MW, Reese, TW., & Volkmann,J.
(1949)."The discrimination of visualnumber". Amerncan

Joumal of Psychology (The American Journal of
Psychology) 62 (4): 498-525
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* Rabbits cannot count beyond four so five is

Counting or subitizing? like a thousand (‘infinity’)

"Subitizing” by Nevit Dilmen, Wikipedia STRONG INTERACTIONS IN 1D APRIL19 2016
(Thanksto Jose D'Incao for pointiing this out) NIKOLAJ THOMAS ZINNER 4


https://en.wikipedia.org/wiki/American_Journal_of_Psychology
https://en.wikipedia.org/wiki/American_Journal_of_Psychology

Nathan L Harshman

One-Dimensional Traps, Two-Body Interactions, Few-Body Symmetries: .

One, Two, and Three Particles
: : Few-Body Systems 57,11-43 (2015)

One-Dimensional Traps, Two-Body Interactions, Few-Body Symmetries: .

N particles
Few-Body Systems 57,45-69 (2015)

For more than four patrticles, the general case requires a solution of a degree
five polynomial equation —no root formulas!
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A ONE DIMENSIONALWORLD

Identicalbosons Distinguishable fermions
‘ r ‘ r
—> —>

Re lative wave function

9p >0 Jip>0 g, == 9.,,<0 g, -0 Inte raction

N

relative distance r=zz, H
Source:G. Zim, thesis

Strong interactions -> Impenetrability!

STRONG INTERACTIONS IN 1D APRIL19 2016
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STRONGLY INTERACTING BOSONS

| g,p| —o0 limit Tonks (1936)-Girardeau (1960) gas
ofimpenetrable bosons

Mapping identical bosonsto spin-polarized fermions. Girardeau (1960).

Impenetrable bosons Antisymmetrized fermions

Lieb-Liniger (1963) used Bethe ansatzto

solve N boson prOb lem for any g>0 STRONG INTERACTIONS IN 1D APRIL19 2016
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EXPERIMENTAL REALIZATION

Optical lattices

|
—

B ™ et 1
ARl (L. L

l. Bloch, Nature Physics 1,23 (2005)

Confinement-induced
resonances

Ma xim Olshanii
Phys. Rev. Lett. 81,938 (1998)

2h2asp 1

gip —
mai 1 —Casp/ay

Divergent at specific pointdepending on
lattice and 3D Feshbach resonance

STRONG INTERACTIONS IN 1D APRIL19 2016
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EXPERIMENTAL REALIZATION

Tonks—Girardeau gas of ultracold
atoms in an optical lattice

Belén Paredes', Artur Widera'~~, Valentin Murg', Olaf Mandel' ",
Simon Félling"*, Ignacio Cirac', Gora V. Shlyapnikov’,
Theodor W. Hansch'~ & Immanuel Bloch"*~

Nature 429,277 (2004)

Observation of a One-Dimensional
Tonks-Girardeau Gas

Toshiya Kinoshita, Trevor Wenger, David 5. Weiss*

Science 305,1125 (2004)

Experimentally produced and probed the Tonks-Girardeau gason
the repulsive side g>0

STRONG INTERACTIONS IN 1D APRIL19 2016
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EXPERIMENTAL REALIZATION

Realization of an Excited, Strongly  study ofthe crossover
Correlated Quantum Gas Phase from g>0 to g<0 in the

Elmar Haller,® Mattias Gustavsson,” Manfred ]. Mark,* Johann G. Danzl,* Russell Hart,*

Guido Pupillo,?? Hanns-Christoph Nigerl'*

Science 325,1224 (2009)
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Interaction parameter y

strongly-interacting
regime.

sup:er-Tonks-
Girardeau gas

K=N& /&

107
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1D FERMIONS — A FRONTIER

Two kinds of relative motion fortwo-body states!

(@) Relative wave function
»+0
Tl

g.>0
NN

Dlstlngulshable
fermlons

g » too *’-:D g »-0

/\I/\ /\/\

relative dlstance r=z,-Z,

formors 96\
\/

Fermionization oftwo fermionsina 1D harmonic trap:

G.Zim et al, Phys. Rev. Lett. 108,075303 (2012).

\”,- Fermionization

N

V4 V

Source: G. Zirn, thesis

STRONG INTERACTIONS IN 1D APRIL19 2016
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EXPERIMENTAL REALIZATION
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Fermionization oftwo fermionsina 1D harmonic trap:

G.Zim etal, Phys. Rev. Lett. 108,075303 (2012). STR%'I“% ﬂ?ﬁ”ﬁé&&“;&“&ﬁ APRILLY 2012
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STRONGLY INTERACTING FERMIONS

Relative wave functions. What should we take?

7
oo
v .
SN

Keep anopen mind and letthe problem work itse If out!

STRONG INTERACTIONS IN 1D APRIL19 2016
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THREE FERMIONS - SOLUTION

Splitspace in patches Spectrum on resonance
X X X
1 . 2 ? Important;
H* * Antisymmedtric
* . y . /E state!
) LIJj_
U
V()2 S Y
M i M General solution _
Xy <Xy Xg I Ky <X <Xg L:D _ E a; lDA ] gl
h"hh i ,-"'” : Repulsive — Attractive
~.. @dg1 a; 7
IR SN RS L 1 |
s 2 > X=X97X, .. . ]
X <KXy d e X<y Optimize derivative!
P! i a;
“.’f '*-,__\- , Jrv.,_r i 2 .
; X3 <Xy <Xy E X3<X<Xq K — _ oFE _ gg Zz‘j [ Hk:] dilk|‘1’| (5(:1,1- — I—j)
Vit e dg~! (W|W)

Pauliand parity reduces
STRONG INTERACTIONSIN 1D APRIL19 2016
problem to all a2’ and 8.3. NIKO LAJ THOMAS ZINNER 15
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THREE FERMIONS - SOLUTION

B 27 ((1.1 — (1.2)2 —+ ((1-2 — (1-3)2
B K/ Q7T a.rf + a% — a%

K

dq,=d,=dj Non-interacting state
Extre mizing solutions are: a,=a,and a,=0 Excited state, even parity

3 2a,=2a5=-2, Ground state,odd parity
'3 LIJ]_

\._J = 1 v 0
’ IMPORTANT: Coefficients are
— generally NOTthe same!

Repulsive Attractive

A.G. Volosniev et al,Nature Comm.5,5300 (2014). STRONG INTERACTIONS IN 1D APRIL19 2016
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TRAPPED POLARONS’IN 1D

Impurity Ma jority
= 0.8_(3)‘ ' ' ' 341 __(b)' ‘ 3+1
I~
@ 0.4 ‘Precursor’of
[ -
9 0.0 — N magnetic structure!
T 12H0) 6-+1 1(d) . 61| ]
= 0 l ‘ - Phase-separation of
Pl : ;
2 0. spin up and spin
~ 00 down for strong
2 ool interactions.
;g 0.af
0.0—7—=5 2 4 -2 -2 o0 2 4
z [b] z [b]
............. 1/g=10.0 === 1/g=0.1
———= ]/g=1.0 — 1/g=0.01
EJ.Lindgren efal/,New J. Phys.16,063003 (2014)
S.E.Gharashiand D. Blume,Phys. Rev. Lett. 111,045302 (2013)
F.Deuretzbacher et al,Phys.Rev.A90,013611 (2014) STRONG INTERACTIONS IN 1D APRIL19 2016

J. Levinsen eta/., Science Advances 1,e1500197 (2015) NIKOLAJ THOMAS ZINNER 17



Mapping to an XXZ spin chain

A.G. \Wolosnievetal,Phys.Rev.A91,023620 (2015)

Strongly interacting cold atomic gas

RITE) + .

\ 1/g < 1

x\x

N

n a?
H = Zl—zmdx V (x:) + Z go(x;i— x) + Z gr o(x; — x;)

Il pairs T pairs
| pairs

Theoretical work related to spin mapping:
F.Deuretzbacher etal,Phys.Rev. A90,013611 (2014)
J.Llevinsen et al, Science Advances1,e1500197 (2015)

L Yang, L Guan,and H. Pu,Phys.Rev. A91,043643 (2015)
L Yang and X Cui, Phys.Rev. A93,013617 (2016).

H.Hu, L Guan,and S.Chen,New J. Phys.18,025009 (2016)
L Yang and H.Pu,arXiv:1601.02556 (2016)

Experimental realization of cold atoms spin chain:
S.Murmann et al,Phys.Rev. Lett. 115,215301 (2015)

Spin chain model

- N-1 N

{ )

N_l' 1 k k+1" 1
HD:EE.—Z—E(_I—G' o)+ -
=1 & :

{.1 + LT§J§+1)]
Nearest-neighborinteractions
are tunable via externaltrap!
Tough task: Compute these
coefficients!



CONAN (Coefficients of One-dimensional N-Atom Networks)

Method

We developed the CONAN software that computes the
local exchange coefficients.

CONAN
Vix) — Ii' —
.—-'"'E. [

arxiv:1603.02662

e Highly efficient code: N = 10 in circa 10 seconds and the
computation time scales O(N3°£04),

e High precision up to N = 30 and acceptable up to N = 35.

See also related work by: Frank Deuretzbacher et a/, arXiv:1602.06816
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STATE TRANSFER

Use trap to manipulate dynamics -
example of quantum state transfer

AG. \Wlosnievetal,Phys.Rev.A91,023620 (2015)

Fermions or

hard-core osf

bosons

Fidelity

0.6
b4 F

0.2t

Fidelity of quantum state transfer

s

Bosons
kappa=1/2

ity

Fidel

Bosons
kappa=2

Fidelity

STRONG INTERACTIONS IN 1D

NIKOLAJ THOMAS ZINNER
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Perfect state transfer is known to occur in an XX model if

apoc Vk(N—k) .

Use CONAN to search for a V(x) that produces these local
exchange coefficients. We reach perfect or nearly perfect

state transfer.

k
123456789 1+

100

0.99¢ >

10.15
0.981 g

501
0.97¢ g

ay [€77]
max{F(t)}

V(x) [e]

0.961

0.95

4 6 8 10 12 14 16 18 20
N

N.J.S. Loft et al, New J. Phys., 18,045011 (2016). STRON'I“% &Tﬁé&@;&“‘&g APRILLY 20;?
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TIME-DEPENDENT EXCHANGE

b) 1® L,® e Viz,t) =af(t)dx
NS (z,t) = af(t)d(z)

a) bl o AR F(t) = (1 — /sin(At/7))

o\ A8

10 [
08|
06|
04}
001,
- 0_2 L
0.0 [

10 [
08 |
06 |
04|

00 @
1= 0.2.

00 [ vl . : : n : "
0 1 2 3 0. 02 0.4 0.6 0.8

A.G. Wlosniev,H-W.Hammer, N.T. Zinner,
Phys. Rev. B93,094414 (2016) STRONG INTERACTIONS IN 1D APRIL19 2016
' ' ’ NIKOLAJ THOMAS ZINNER 22



1) We know all about non-interacting 1D systemsin traps

2) We know a lot about strongly interacting 1D systemsin traps

Question: Can we combine weak and strong into knowledge
of the system for any value of the interaction strength?

Let ustry an interpolation of non-interacting and strongly-
Interacting statesasa variational-like ansatz!

1Y) = | W) + Ot | Veo)

M.E.S. Andersenetal, arXivil512.08905
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AN INTERPOLATORY ANSATZ

V=gY 8(x—x;) 7) = 0o[10) + Oleo Vo)

2 v 2
p_ e >:Eo+ 2(YD|VJYD)%+5E% |
(Y17 02 + 02 4+ 2(7| %) 0 e

AE =E..— E,

(@) = AE=(0Vin) F \/(M —(10IV[1))* + 40V [1)AE (10l 7-)?

U)ot 205V [70) (0] ¥)

|V 1) +AE £/ (10]V]10) +AE)E — 43|V [10)AE (1 — (0| 1)2)
2(1—(0]71=)?)

+
E*EPt] =Ep+

Note the two branches! One isuseful on the g>0 side, while the other isuseful on the g<0 side.

MES. Andersen et al, arxiv:1512.08905 STRONG INTERACTIONS IN 1D R
E£.0. ” . y NIKOLAJ THOMAS ZINNER 24



N=2 energies

25 i I [

Accurate to

> — | within a few
3 0.5 _,_'1 5 i percent. For
o / ground states
-~ accurate to
/,---———— | lessthan 1%!
_--"’"/
I I I I I
—3 —2 —1 0 1 3
q=-1/9

Experimentaldata from:
A.N.Wenz et al, Science 342,457 (2013)

M.ES. Andersenetal,arXivil512.08905



N=3 energies

3

6 Accurate to
- within a few
= percent. BUT
AT slope of_

energy Is

4 wrong at g=0

2

—3

Experimentaldata (squares) from: q=—1/g

A.N.Wenz et al, Science 342,457 (2013) Effective interaction diagonalization (dots) using:

EJ.Lindgren etfal,New J.Phys. 16,063003 (2014)

M.ES. Andersenetal,arXivil512.08905
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AN INTERPOLATORY ANSATZ

V=g) &(x—x;) V) = ao|Y0) + Oleo| Veo)
1<j
H Viw)os +AEo2
g WHID g 2<'14:>| 2}'1/0) 0  AE=E.—E,
(7 oy + a2 4 2( Y| Yeo) Ol Ol
g® _ g (0lVIw) +AE L V((0VI) +AE)? — 400V AE (1 - (10]1-)*)
opt = 70 2(1—(30]7)?)
. OEgy AE? 5
Kopt = g o = F(YO\%&) ) K= (n|V|n)/g

The slope at 1/ g=0 dependson energy difference, slope at g=0, and overlap of strong and
weak interaction solutions. BUTlet us forgetthatand considerslope an inputparameter!

MES. Andersen et al, arxiv:1512.08905 STRONG INTERACTIONS IN 1D Rl
E£.0. ” . y NIKOLAJ THOMAS ZINNER 27



N=3 energies

3 PP ——
__8_.._ -
P E——— ENFORCE
S correct slope
6EE===¥ T ____ fg-----------------  (we know
y I -, = l
- 2 what it !s).
S Lo P A Results in
S By, e order of
magnitude
4 Increase in
accuracyon
T energy!
oY B | | |
—3 —2 —1 0 1 2 3
Experimentaldata (squares) from: q=—-1/g
A.N.Wenz et al,Science 342,457 (2013) Effe ctive interaction diagonalization (dots) using:

EJ.Lindgren etfal,New J.Phys. 16,063003 (2014)

M.E.S. Andersenetal, arXiv:1512.08905



Polaron energies

T T T T | T T T T | T T T T | T T T T | T T T T | T T T T | T T T T | T T T T
16 - A/ ]
i __{”1.__'.:-_!--
l4p N=0 _ __,_,__.h.@.hge’g-ﬁ"‘--* - n
e e HEH BN
= 12+ P
= A
L L
10 B N o 5 ) “..L*.-'_-rh-'ﬁ'ﬂ!?:r ]
(B _ HIH = L G S b
| E
6 N N = 4 __________ _@I_,;..ap—-'l‘ ] |
e e e e s s s ——— |-..|_;‘.') —_— . e —
i I = I Y N [ N N N N =
—4 —-3.5 -3 —2.5 —2 ~-1.5 ~1 —0.5 0
g = —l_fg

Interpolation ansatz givesus highly accurate energies when we enforce the
correctslope ofthe energy at1/g=0. lt would seem that strong interaction
description can be used to capture intermediate interaction energies! The wave
function isanother matter...

M.E.S. Andersenetal, arXiv:1512.08905
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THREE TWO-COMPONENT BOSONS

Strong AB interactions X1 X X3
. . X
No AA Interactions A «—e A ]
No BB interactions . y >
Studied early on asthe composite =y -(x.+ : .
fermionization regime. See: Y= P(l }(2)/2 For mo.re partlcles.
Zo6liner, Meyer, Schmelcher, AAB | AAB Two ideal Bose
Phys.Rev. A78,013629 (2008) X, <X, <X i X, <X, <X systems interacting
: strongly!
S @1 Ap
ABA >~ 1 5. ABA
: ::*’1 2 X=X1"X;
S S R BN S
Ty E a3
g X3<X; <X, i X3<Xy <Xy |
BAA ' BAA

N.T. Zinner et al, EPL107,60003 (2014)

APRIL19 2016
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Xy

A

AARHUS

wwerser — Hactionalenergiesfor strong interactions!

Kz =
+ g20(r1 — w3) + g20 (w2 — 3)
A
5 .
45 oSG
4 M
35
g s 3}
i i
25 PP PN
2 L
odd
1.5 1 analytics
even  ©
.-I 1 N N 1 N
-0.05 -0.025 0
“1/g, [bha] ! -1/g, [bha

N.T. Zinner et a/, EPL107,60003 (2014)

STRONG INTERACTIONSIN 1D
NIKOLAJ THOMAS ZINNER
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AAB ABA

Perfectferromagnet? Perfectantiferromagnet?

Ground 0.5 3 0.5 First
state a I b ’ I excited
0.4 0.4 state
1
10.3 10.3
= 0
10.2 10.2

BQ A 0.1
]
0.5
0.4
0.3

=
10.2
' Ground
0.1 state for
2+1

0 fermions

2nd excited state

with node!
N.T. Zinner et a/, EPL107,60003 (2014)
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LARGER SYSTEMS

Energies are still fractional!

—_ 25a)1fg=1005105001 — 4d)f‘“‘1fg=001
USRS S N TS U U WO ORI SO L Ground state structure
> 1.5] Fay >
£ i; s . Y & AAAAABBBBB+
c . c i
8 05 o g BBBBBAAAAA
ST s Yiiio
2 [b] Perfect ferromagnetic
ordering!

A su bsystem

N

| Blue —5+5
\ _____Green —4+4_

: Yellofw =343
i  Red! _—2+2

Density [b7"]
s

Density [b7']
%]

B subsystem
4_.._._E_______;___.._,:._..__;__ 1fg___.0 (35n 4____..E.._.._.E._____l___...'......

L‘g 0 on

Many-body limit is
approached quickly!

1} 1}-
T3 o210 1 32 3 s 0

x [b]

AS. Dehkarghaniet al, Scientific Reports5,10675 (2015).

"4 _-3-2-10 1 2 3 4
x [b]

STRONG INTERACTIONS IN 1D APRIL19 2016
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BOSE PO LARONS

7"'-'41_;5

dE/d(- 1/5)/’\1'; [
1“
J‘tﬂ
a

o

Bry o
Seasg

PEEPeRRRRSesy ¥

»_1
o
<,
44,3
qu.
<1<
a«u ddda4q 3£9049449949944g

Energy [fw]|
[
o

O analytical
—¥— numerical {even) |
— % — numerical {odd)

1 L 1 L 1 1 1 1 1
J0 -9 8 7 i -5 3 3 2 - 0
-1/g [bhw] !

New semi-analyticalapproach
to arbitrary particle numbers—a
hypersphericalapproach

Ground state structure

ABB..BB+BB..BBA

y [b]

In the ground state, impurities
will NEVER penetrate the
majority component!

AS. Dehkarghanietal, Phys.Rev.A92,031601(R) (2015)

STRONG INTERACTIONSIN 1D APRIL19 2016
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V) = o) + Oeo| Voo)

INTERPOLATION FOR BOSONS

Four-body systems with
strong interaction ground
state structure:

AABB+BBAA

1/g=0 wave function is
know exactly, so we can
getthe slope!

Ansatz and modified
ansatz can be computed.
Modified ansatz performs
excellently!

Modified ansatz can work
forany system it seems.

Next step: Mass imbalace!

Exact solution for 1/g=0 from AS. Dehkarghanietal,

5 ' ! ! !
—— ansatz
-~ mod. ansatz|
e o Eff. diag. §
al _________________________________________________________________ |
L 1 E S SR ______________________________________________ Y S ]
=
2L g - f ______________________________________________________________ _
1 1 | | 1
-5 -4 =3 =2 -1 0

J. Phys. B: At. Mol. Opt. Phys.49 085301 (2016)

g=—1/g [hwo]

STRONG INTERACTIONS IN 1D
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