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• Sub-a tomic syste ms – 
including light nucle i, 
ha drons, few-nucle on 
physics a nd nucle a r 
a strophysics 

• Atomic a nd mole cula r 
syste ms, cold a toms a nd 
ions. 

• Few-body me thods 
• Few-body physics in ma ny-

body syste ms 
• New topics in few-body 

physics 
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A ‘SIMPLE’ QUESTION 
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How ma ny is ‘ma ny’ re a lly? 
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AN ANSWER? 
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Richard Adams novel 1972 

Ra bbits ca nnot count beyond four so five  is 
like  a  thousa nd (‘infinity’) 

Source : Wikipe dia  

Subitizing 
Ka ufma n, E.L., Lord , M.W., Re e se , T.W., & Volkma nn, J. 
(1949). "The  d iscrimina tion of visua l numbe r". American 
Journal of Psychology (The American Journal of 
Psychology) 62 (4): 498–525 

"Subitizing" by Nevit Dilmen, Wikipedia 
(Thanks to Jose D’Incao for pointiing this out) 

Counting or subitizing? 

https://en.wikipedia.org/wiki/American_Journal_of_Psychology
https://en.wikipedia.org/wiki/American_Journal_of_Psychology
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FIVE IS DIFFERENT! 
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Na tha n L. Ha rshma n 
One -Dime nsiona l Tra ps, Two-Body Inte ra ctions, Few-Body Symme trie s: I. 
One , Two, a nd Thre e  Pa rticle s 

One -Dime nsiona l Tra ps, Two-Body Inte ra ctions, Few-Body Symme trie s: II.  
N pa rticle s 

Few-Body Syste ms 57, 11-43 (2015)  

For more than four particles, the general case requires a solution of a degree 
five polynomial equation – no root formulas! 

Few-Body Syste ms 57, 45-69 (2015)  
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From Few to Many: Observing the Formation 
of a Fermi Sea One Atom at a Time 
A. N. We nz et al., Science 342, 457 (2013) 

Green solid line from 
S.E. Gharashi, K.M. Daily, and D. Blume, Phys. 
Rev. A 86, 042702 (2012). 

Selim Jochim 
experiments in 
Heidelberg.  

Orange ‘many-body’ line 
J.B. McGuire, J. Math. Phys. 6, 432 (1965). 
G.E. Astrakharchik and I. Brouzos, Phys. Rev. A 
88, 021602 (2013). 
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A ONE DIMENSIONAL WORLD 
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Source : G. Zürn, the sis 

Distinguisha ble  fe rmions Ide ntica l bosons 

Re la tive  wa ve  function 

r r 

Inte ra ction 

Strong inte ra ctions -> Impe ne tra bility!   



AARHUS 
UNIVERSITET 

STRONG INTERACTIONS IN 1D 
NIKOLAJ THOMAS ZINNER 

APRIL 19 2016 

STRONGLY INTERACTING BOSONS 

8 

| g1D| →∞ limit Tonks (1936)-Gira rde a u (1960) ga s 
of impe ne tra ble  bosons  

Ma pping ide ntica l bosons to spin-pola rize d fe rmions. Gira rde a u (1960). 

Impe ne tra ble  bosons Antisymme trize d fe rmions 

Lie b-Linige r (1963) use d Be the  a nsa tz to 
solve  N boson proble m for a ny g>0  
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EXPERIMENTAL REALIZATION 
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Optica l la ttice s 

I. Bloch, Na ture  Physics 1, 23 (2005)  

Confine me nt-induce d 
re sona nce s 

Ma xim Olsha nii  
Phys. Rev. Le tt. 81, 938 (1998) 

Dive rge nt a t spe cific point de pe nding on 
la ttice  a nd 3D Fe shba ch re sona nce  
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EXPERIMENTAL REALIZATION 

10 

Na ture  429, 277 (2004)  

Scie nce  305, 1125 (2004)  

Expe rime nta lly produce d a nd probe d the  Tonks-Gira rde a u ga s on 
the  re pulsive  side  g>0 
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EXPERIMENTAL REALIZATION 
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Scie nce  325, 1224 (2009)  

Study of the  crossove r 
from g>0 to g<0 in the  
strongly-inte ra cting 
re gime . 
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1D FERMIONS – A FRONTIER 
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Two kinds of re la tive  motion for two-body sta te s!  

Source : G. Zürn, the sis 

Fe rmioniza tion of two fe rmions in a  1D ha rmonic tra p: 
G. Zürn et al., Phys. Rev. Lett. 108, 075303 (2012). 
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EXPERIMENTAL REALIZATION 
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Fe rmioniza tion of two fe rmions in a  1D ha rmonic tra p: 
G. Zürn et al., Phys. Rev. Lett. 108, 075303 (2012). 

Two-body tunne ling 
e xpe rime nts 
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STRONGLY INTERACTING FERMIONS 
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Re la tive  wa ve  functions. Wha t should  we  ta ke ? 

or 

Ke e p a n ope n mind a nd le t the  proble m work itse lf out! 
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THREE FERMIONS - SOLUTION 
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Split spa ce  in pa tche s 

Pa uli a nd pa rity re duce s 
proble m to a 1, a 2, a nd a 3. 

Spe ctrum on re sona nce  

Optimize  de riva tive ! 

Importa nt: 
Antisymme tric 

sta te ! 

Ge ne ra l solution 
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THREE FERMIONS - SOLUTION 
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Extre mizing solutions a re : 

a 1=a 2=a 3 

2a 1=2a 3=-a 2 

a 1=a 3 a nd a 2=0 

Non-inte ra cting sta te  

Excite d sta te , eve n pa rity 

Ground sta te , odd pa rity 

IMPORTANT: Coe fficie nts a re  
ge ne ra lly NOT the  sa me ! 

A.G. Volosniev et al., Nature Comm. 5, 5300 (2014). 
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TRAPPED ‘POLARONS’ IN 1D 
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Impurity Ma jority 

E.J. Lindgre n et al., New J. Phys. 16, 063003 (2014) 
S.E. Gha ra shi a nd D. Blume , Phys. Rev. Le tt. 111, 045302 (2013) 

F. De ure tzba che r et al., Phys. Rev. A 90, 013611 (2014)  
J. Levinse n et al., Scie nce  Adva nce s 1, e 1500197 (2015) 

‘Pre cursor’ of 
ma gne tic structure ! 
Pha se -se pa ra tion of 

spin up a nd spin 
down for strong 

inte ra ctions. 
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Ma pping to a n XXZ spin cha in 
A.G. Volosnievet al., Phys. Rev. A 91, 023620 (2015) 

Theoretical work related to spin mapping: 
F. De ure tzba che r et al., Phys. Rev. A 90, 013611 (2014) 
J. Levinse n et al., Scie nce  Adva nce s 1, e 1500197 (2015) 
L. Ya ng, L. Gua n, a nd H. Pu, Phys. Rev. A 91, 043643 (2015) 
L. Ya ng a nd X. Cui, Phys. Rev. A 93, 013617 (2016). 
H. Hu, L. Gua n, a nd S. Che n, New J. Phys. 18, 025009 (2016) 
L. Ya ng a nd H. Pu, a rXiv:1601.02556 (2016) 
 
 
Experimental realization of cold atoms spin chain: 
S. Murma nn et al., Phys. Rev. Le tt. 115, 215301 (2015) 
 

Ne a re st-ne ighbor inte ra ctions 
a re  tuna ble  via  e xte rna l tra p! 
Tough task: Compute these 

coefficients! 
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See also related work by: Fra nk De ure tzba che r et al., arXiv:1602.06816  

CONAN (Coefficients of One-dimensional N-Atom Networks) 
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STATE TRANSFER 
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A.G. Volosnievet al., Phys. Rev. A 91, 023620 (2015) 

Use  tra p  to ma nipula te  dyna mics – 
e xa mple  of qua ntum sta te  tra nsfe r 

Fide lity of qua ntum sta te  tra nsfe r 

Fe rmions or 
ha rd-core  

bosons 
 

Bosons 
ka ppa =1/ 2 

 

Bosons 
ka ppa =2 
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N.J.S. Loft et al., New J. Phys., 18, 045011 (2016). 
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TIME-DEPENDENT EXCHANGE 
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J (t)b) 1
J (t)2 J (t)1

a)

a) b)

c) d)

or

P
ro b a b i l i t y

P
ro b a b i l i t y

A.G. Volosniev, H.-W. Ha mme r, N.T. Zinne r,  
Phys. Rev. B 93, 094414 (2016) 
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AN INTERPOLATORY ANSATZ 
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M.E.S. Ande rse net al., arXiv:1512.08905 

1) We know all about non-interacting 1D systems in traps 

2) We know a lot about strongly interacting 1D systems in traps 

Question: Can we combine weak and strong into knowledge 
of the system for any value of the interaction strength? 

Let us try an interpolation of non-interacting and strongly-
interacting states as a variational-like ansatz! 
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AN INTERPOLATORY ANSATZ 
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M.E.S. Ande rse net al., arXiv:1512.08905 

Note the two branches! One is useful on the g>0 side, while the other is useful on the g<0 side. 
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N=2 e ne rgie s 

Expe rime nta l da ta  from: 
A. N. We nz et al., Science 342, 457 (2013) 

M.E.S. Ande rse net al., a rXiv:1512.08905 

Accura te  to 
within a  few 
pe rce nt. For 
ground sta te s 
a ccura te  to 
le ss tha n 1%! 
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N=3 e ne rgie s 

Expe rime nta l da ta  (squa re s) from: 
A. N. We nz et al., Science 342, 457 (2013) 

M.E.S. Ande rse net al., a rXiv:1512.08905 

Accura te  to 
within a  few 
pe rce nt. BUT 
slope  of 
e ne rgy is 
wrong a t q=0 

Effe ctive  inte ra ction d ia gona liza tion (dots) using:  
E.J. Lindgre n et al., New J. Phys. 16, 063003 (2014) 
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AN INTERPOLATORY ANSATZ 
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M.E.S. Ande rse net al., arXiv:1512.08905 

The slope at 1/ g=0 depends on energy difference, slope at g=0, and overlap of strong a nd 
we a k inte ra ction solutions. BUT le t us forge t tha t a nd conside r slope  a n input pa ra me te r! 
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N=3 e ne rgie s 

M.E.S. Ande rse net al., arXiv:1512.08905 

ENFORCE 
correct slope 
(we  know 
wha t it is)! 
Re sults in 
orde r of 
ma gnitude  
incre a se  in 
a ccura cy on 
e ne rgy!  

Expe rime nta l da ta  (squa re s) from: 
A. N. We nz et al., Scie nce  342, 457 (2013) Effe ctive  inte ra ction d ia gona liza tion (dots) using:  

E.J. Lindgre n et al., New J. Phys. 16, 063003 (2014) 
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M.E.S. Ande rse net al., arXiv:1512.08905 

Polaron energies 

Interpolation ansatz gives us highly a ccura te  e ne rgie s whe n we  enforce the  
corre ct slope  of the  e ne rgy a t 1/ g=0. It would se e m tha t strong inte ra ction 
de scription ca n be  use d to ca pture  inte rme dia te  inte ra ction e ne rgie s! The  wa ve  
function is a nothe r ma tte r….. 
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THREE TWO-COMPONENT BOSONS 

30 
N.T. Zinne r et al., EPL 107, 60003 (2014) 

Strong AB inte ra ctions 
No AA inte ra ctions 
No BB inte ra ctions 

For more particles: 
Two ide a l Bose  

syste ms inte ra cting 
strongly! 

Studie d  e a rly on a s the  composite  
fe rmioniza tion re gime . Se e : 
Zöllne r, Meye r, Schme lche r, 
Phys. Rev. A 78, 013629 (2008) 
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Fractional energies for strong interactions! 

N.T. Zinner et al., EPL 107, 60003 (2014) 
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AAB 

BAA 

ABA 

2nd e xcite d  sta te  
with node ! 

Ground  
sta te  

First 
e xcite d   
sta te  

Ground 
sta te  for 
2+1 
fe rmions  

Pe rfe ct a ntife rroma gne t? Pe rfe ct fe rroma gne t? 

N.T. Zinne r et al., EPL 107, 60003 (2014) 
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LARGER SYSTEMS 
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Ene rgie s a re  still fra ctiona l! 

A.S. De hka rgha niet al., Scientific Reports 5, 10675 (2015). 

AAAAABBBBB+ 
BBBBBAAAAA 

Ground sta te  structure  

Perfect ferromagnetic 
ordering! 

Ma ny-body limit is 
a pproa che d quickly! 
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BOSE POLARONS 
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ABB….BB+BB….BBA 
Ground sta te  structure  

In the  ground sta te , impuritie s 
will NEVER pe ne tra te  the  

ma jority compone nt! 

A.S. De hka rgha niet al., Phys. Rev. A 92, 031601(R) (2015) 

New se mi-a na lytica l a pproa ch 
to a rbitra ry pa rticle  numbe rs – a  

hype rsphe rica l a pproa ch 
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INTERPOLATION FOR BOSONS 
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AABB+BBAA 

Four-body syste ms with 
strong inte ra ction ground 
sta te  structure : 

1/ g=0 wa ve  function is 
know e xa ctly, so we  ca n 
ge t the  slope !  

Ansa tz a nd modifie d 
a nsa tz ca n be  compute d. 
Modifie d a nsa tz pe rforms 
e xce lle ntly! 

Exa ct solution for 1/ g=0 from A.S. De hka rgha niet al.,  
J. Phys. B: At. Mol. Opt. Phys. 49 085301 (2016) 

Modifie d a nsa tz ca n work 
for a ny syste m it se e ms.  

Next step: Mass imbalace! 
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