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Abstract

Prussian Blue analogues are promising, low-cost cathodes for sodium-ion batteries,
yet their complex mixed-valent and polymorphic nature challenges predictive model-
ing. This study provides a transferable density functional theory calculation frame-
work for Prussian Blue analogues in sodium-ion battery applications by systematically
benchmarking six representative exchange—correlation functionals across three sodia-
tion states and two structural modifications (cubic and rhombohedral). We evaluate
structural and electronic properties, open-circuit voltages, and the sodium ion trans-
port via two prominent migration mechanisms. Additionally, we highlight the differing
computational requirements for modeling Prussian Blue analogues either as half-filled,
mixed-valent compounds with a strong focus on the electronic structure or as high-
grade functional battery materials, where an accurate prediction of the phase stability

and the ion transport are essential. Our results establish practical recommendations
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for reliable density functional theory studies of Prussian Blue analogues, warn of pit-
falls to be avoided and lay the groundwork for high-throughput screening of sustainable

sodium-ion battery materials.
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Introduction

As science enters its fourth paradigm - 7 (Big) data driven science”! - the central challenge
transforms from the absence of data to an overwhelming abundance of it, making manual
analysis challenging. This shift has led to the emergence of the field of data science, which
focuses on the correct handling of generated data, including the preparation of meta-data
and data analysis. Yet, this evolution introduces new complications: datasets often contain
undetected biases, originate from heterogeneous sources, and exhibit inconsistencies, depen-
dencies, or poorly quantified uncertainties.?3 Even the moderation or curation of data can
introduce ambiguity or subjectivity, further complicating the data analysis. For example, in
the field of battery materials, no standardized computational framework exists for accurately
simulating battery-relevant properties. Especially for intricate systems such as the Prussian
Blue analogues, challenging due to their complex and correlated structural and electronic
interactions, the computational calculations needed to achieve accurate results remain highly
nuanced and method-sensitive.

Prussian blue type materials (A, ,Fe[Fe(CN)g]) are crystalline double-perovskite materi-
als with cubic (Fm3m) symmetry.? The structure can be derived by replacing the oxygen
anions of a typical (double) perovskite structure by (C=N)~ anions.® This results in the
structural motive of cyanide-interconnected high spin (FeCg) and low spin (FeNy) iron octa-
hedra, which are alternating along all three crystal axis. Further complexity arises from the
intercalation of sodium ions into the 24d Wyckoff positions, which offer a high number of
available positions relative to the number of intercalating ions, resulting in a partially occu-
pied sublattice.® This breaks the structural symmetry and greatly increases the number of
possible charge carrier configurations. Structures in which any one of the iron atoms is sub-
stituted with a different transition metal are typically called Prussian blue analogues (PBAs,
A,,B[B(CN),]), the most common representative being Na,Mn[Fe(CN)y]. The thermody-
namically stable degrees of sodiation of this material are nowadays named after the color

they exhibit: the fully desodiated compound being called Prussian Yellow (PY), the half so-
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diated Prussian Blue (PB) and the fully sodiated material is called Prussian White (PW).”
Additionally, a configuration of the fully sodiated structure exhibiting R3 symmetry is often
called thombohedral Prussian white (R-PW).%? The structure of R-PW was included in this
work due to its importance as a cathode material in battery applications.

The calculation of Prussian blue type materials via electronic structure methods is espe-
cially challenging due to the complex electronic structure which itself is strongly correlated to
the geometry of the material. The fact that a correct description of the electronic structure
is essential to the correct description of the geometry is well known and thoroughly explored
for PB as prototypical mixedvalent material.'®'” This is complicated further when talking
about battery materials, as PY and PW are - contrary to PB - neither mixed-valent, nor
semi-conducting. This complexity poses great challenges for the first-principles electronic
structure treatment of these materials. All three degrees of sodiation have to be described
properly, if relevant properties for batteries, such as the Open circuit voltage (OCV), are to
be calculated accurately. However, current first-principles methods typically fail to repro-
duce measured trends in the properties of PB type materials, as even the calculated trend
in lattice constants between PY/PB/PW 119 is already in disagreement with experiment. 2
Furthermore, with respect to the DFT+U approach, widely used to describe strongly corre-
lated materials, it was found in a previous study?! that utilizing the standard approach of
Wojdet!'? with U-parameters of 3 and 7 eV for FeC and FeN, respectively, does not allow for
a consistent calculation of the OCV and the energy barrier of charge carrier migration. Even
in the limit of low sodium concentrations, the estimation of the energy barrier fails due to
artifacts that are introduced during the calculation of the transition state energy via Nudged
elastic band (NEB) calculations. These artifacts most likely occur due to an unphysical over-
localization of the transition metal d-electrons - which is caused by the high U values needed
for correctly describing the band gap of Prussian blue. This might also be the reason for the
low number of published studies on this material class despite being pushed into focus of

battery researches since 2015. The only report on the migration barriers of charge carriers in
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the Prussian blue framework that is known to the authors is published by Peng et al.,?? as
well as the afore mentioned previous study by the authors of this work.?! Guo et al.?? briefly
explored a similar benchmark for Na,Mn[Fe(CN)4], but this aspect received only limited
attention in their report. Moreover, their study did not propose any novel approaches to
address the challenges associated with functional selection, nor did it systematically report
the performance of each exchange—correlation functional.

In this paper, we present the reader with a detailed guideline for performing electronic
structure calculations on Prussian Blue and its analogues, focusing on the accuracy and
applicability of widely used exchange-correlation functionals. Specifically, we investigate the
performance of the standard PBE functional, the commonly employed PBE+U approach as
proposed by Wojdel et al.,'3 the recently developed SCAN and r2SCAN meta-GGA function-
als, as well as the well-established hybrid functionals PBEO and HSE06. By systematically
comparing their ability to capture structural, electronic, and ion transport properties, we
identify the most appropriate functional(s) for targeted applications. These findings not only
provide a practical reference for computational researchers but also contribute to accelerating
the design of PBA materials with improved electrochemical performance and sustainability
for grid-scale energy storage, if incorporated into materials design pipelines.

In this paper, we investigate the performance of the standard PBE functional, the com-
monly employed PBE+U approach as proposed by Wojdel et al.,'? the recently developed
SCAN and r?SCAN meta-GGA functionals, as well as the well-established hybrid function-
als PBEO and HSE06. By systematically comparing their ability to capture structural,
electronic, and ion transport properties, we identify the most appropriate functional(s) for
targeted applications. Our detailed first-principles study can thus serve as a detailed guide-
line for performing electronic structure calculations on PB and its analogues, presenting the
accuracy and applicability of widely used exchange-correlation functionals. These findings
can further contribute to accelerating the design of PBA materials with improved electro-

chemical performance and sustainability for grid-scale energy storage, if incorporated into
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materials design pipelines.

Computational Detalils

Density functional theory (DFT)?4 26 calculations were performed with the plane-wave method
based code Vienna Ab-initio Simulation Package (VASP)?"?® in version 6.2.1. The projec-
tor augmented wave (PAW) approach was utilized to represent the interactions between the
electrons and the core.?®?% In all calculations a Gaussian smearing with a width of 0.1 eV
was used. The plane-wave cutoff was set to 550 eV. The atomic structures were optimized
until the energy difference in the electronic self-consistent field (SCF) fell below 107% eV,
and the force convergence criteria was fixed to 1072 eV /A. The Brillouin zone was sampled
with an automatically generated, gamma-centered k-point grid of 5x5x5 and 5x5x3 in all
non-hybrid calculations of the cubic and rhombohedral structures, respectively. To minimize
computational cost, hybrid functional calculations were performed using gamma-point-only
structural optimizations, followed by electronic structure evaluations on a 2x2x2 k-point
grid. To ensure convergence to the correct high-spin-low-spin spin state, the total excess
majority spin electrons were held constant. To assess the accuracy towards a correct de-
scription of the atomic and electronic structure of the Prussian blue material class, we have
tested a range of different functionals. We start with the generalized gradient approxima-
tion (GGA) represented by the widely used PBE functional proposed by Perdew, Burke and
Ernzerhof.?® To address the known issue of overdelocalization associated with GGA func-
tionals, we have employed the PBE functional with the addition of Hubbard U-correction to
the iron d-states, as suggested by Dudarev et al.3! The U values were adapted from previous
studies, '®?! which indicated that PBAs are best represented with a distinct U-value to both
iron sites. In this case, a Hubbard correction of 3 eV was assigned to the d-states of the
low-spin iron within the FeCy octahedra, while a value of 7 eV was used for the d-states of

the high-spin iron with the FeNy octahedra. The level of meta-GGA functionals is exempli-
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fied by the inclusion of the SCAN3? and r?SCAN3? functionals. As representatives of hybrid
functionals PBE034+35 and HSE063" were chosen. The structure of all cubic geometries was
adapted from the Crystallography Open Database,*4° COD ID 4100931. The initial struc-
ture for R-PW, containing three formula units and exhibiting R3 symmetry was adapted
from the structural parameters published by Wang et al.*!

The NEB calculations*?#? have been carried out with the help of PerQueue.** PerQueue
is a data-passing and persistence framework that utilizes the MyQueue*® package to submit
jobs to a chosen scheduler. The NEB calculations utilize a single climbing-image in a charge-
neutral fashion to estimate the Na-ion migration transition state energy. Single-image NEB
calculations are commonly regarded as inadequate due to their limited resolution of com-
plex migration pathways. However, in cases where the migration path is already known or
not the focus of the study, utilizing a single NEB image becomes a suitable approximation.
The use of the climbing-image method enhances both the feasibility and reliability of this
approach. Recent literature confirms that, under such conditions, single-image NEB can
achieve substantial computational efficiency without compromising the accuracy of transi-
tion state energy predictions. 68 This efficiency is especially advantageous in comparative
studies, such as the present investigation, that include computationally intensive hybrid
functionals, for which the use of traditional multi-image NEBs would be prohibitively ex-
pensive. The reported structure was determined to be sufficiently large to ensure a negligible
interaction between the periodic images of the migrating sodium ions. All structures were
fully relaxed until the forces on the atoms were converged within 102 eV /A.

Reasonable migration pathways were estimated prior to the performance of the NEB
calculations via a bond valence sum (BVS) mismatch utilizing pyAbstantia.?® The bond
valence sum (BVS) method computes the valence V; of an ion i by summing over the empirical

bond valences s;; to all adjacent ions j of opposite charge.5%%!

W:ZSU ) (1)
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where the contributions of the bond valence to the sum are calculated via

RO_Rij>’

. )

Sij = 61’])(

with R;; being the distance between the atoms ¢ and j. Ry and b are empirical parameters,
where Ry is expressing the (ideal) bond length when the ion 7 exactly matches V; = 1 and
b = 0.37 is often claimed to be universally usable. The parameters for the Na-NC interaction
could be adapted from Chen and Adams,®? resulting in Ry = 1.4822,b = 0.571. The Na-CN
interaction was approximated via the pyAbstantia default for Ry = 1.5602 and the universal
b=0.37.

The BVS approach allows for a rapid identification of chemically plausible intercalation
sites where the calculated valence matches the formal oxidation state (Vigeq) of the ion. By
mapping the deviation of the BVS (JAV|) between the calculated valence and the formal
oxidation state, a bond valence sum mismatch plot highlights regions of low mismatch, which

correspond to energetically favorable pathways for ion migration. 553

‘AV| = |‘/Z - ‘/ideal’ (3)

In practice, one generates a three-dimensional grid of BVS values across the unit cell,
and the isosurfaces of minimal |AV/| delineate likely migration channels without the need
for exhaustive atomistic simulations.?>* We utilized a grid with a step length of 0.1 A to

calculate the BVS mismatch and visualize the resulting isosurfaces at a value of 0.5.

Results and Discussion

Sodium iron hexacyanoferrate, Nag .Fe[Fe(CN)G6]

Prussian Blue exists in two different modifications, cubic (Fm3m, 225) and rhombohedral

(R3, 148). The PBE optimized geometries for both systems are presented in Figure 1, while
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a simplified presentation of the complete sodiation process and the name of the different

compounds are represented in Figure 2.

Cubic (Fm3m) Rhombohedral (R3)

Figure 1: A depiction of the atomic structure within the unit cell of the cubic and rhombo-
hedral phase of Prussian White. High- and low-spin iron atoms are represented in red and
green, respectively. The coordination polyhedra are colored to match the respective central
atom, with their transparency increased to enhance the visibility of the underlying structure.
Carbon atoms are shown in grey, nitrogen atoms in blue, and sodium atoms in yellow.

The cubic structure consists of iron octahedra interconnected with cyanide ligands - where
the low-spin FeCg and high-spin FeNg octahedra are ordered in an alternating fashion in all
three spatial directions. When sodium is intercalated, it prefers to occupy the 24d Wyckoft
position. The cubic modification is relevant specifically for a sodium content below 1 sodium
per f.u.. The framework is stable without any intercalated cations and the missing charge
is compensated by all irons being oxidized to +3. Upon sodiation, the FeCg centers are
selectively reduced to +2 until the half-sodiated state is reached. In this state the sodium
ions are arranged in a tetragonal fashion.

When the material is further sodiated above 1 Na per f.u., the phase changes from the
cubic to the rhombohedral modification. The new structure - exhibiting R3 symmetry -

is formed by a cooperative out-of-phase rotation of the iron octahedra. While this phase
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Prussian Blue R3 Prussian White
NaFe[Fe(CN) ] Na,Fe[Fe(CN)g]

Figure 2: Simplified depiction of the stable atomic structures that occur during the sodiation
process in Prussian Blue. High- and low-spin iron atoms are represented in red and green,
respectively. The coordination polyhedra shown in the R3 Prussian White are colored to
match the respective central atom, with their transparency increased to enhance the visibility
of the underlying structure. Carbon atoms are shown in grey, nitrogen atoms in blue, and
sodium atoms in yellow.

transition still allows for straight C=N bonds, the shift is accompanied by a shift of the
sodium atoms along the [111] axis of the cubic cell, moving them out of the 24d position into
layers (along the c-axis) of FeNg octahedra to fully optimize the sodium-nitrogen interactions.
While the fully sodiated cubic compound is not stable with regard to the rhombohedral phase,

it is included in this study for comparisons sake.

Structural analysis

The lattice constants for the cubic modification are given in the left panel of Figure 3,
while the results for the a/b and c lattice constant of rhombohedral Prussian White are
given in the right panel. The experimental lattice constants for the cubic modification were

taken from Wu et al.??

- and linearly interpolated to 2 sodiums per f.u. for the Prussian
White value. The experimental results and interpolation procedure are visually represented
in the Supporting Information in Figure S1. The rhombohedral values were taken from
the publication of the initial structure by Wang et al.#! Due to the symmetry of the cubic

modification, only one lattice constant value is given per compound (a = b = ¢), while for

the rhombohedral compound only the lattice constants a and b are symmetrically equivalent.
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Lattice Constants in the cubic modification Lattice constants in R3 Prussian White
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Functional Functional

Figure 3: Lattice constant in dependence on the functional. The left hand graph depicts
the lattice constants of cubic Prussian Yellow, Prussian Blue and Prussian White (grey).
The right hand graph depicts the lattice constants for the fully sodiated, rhombohedral
system. The a and b lattice constants are depicted in dark red, while the ¢ lattice constant
is represented in light red. Horizontal lines represent the experimental results and match in
color with the respective data representation. Please also note the difference in y-axis range
between both panels.

The lattice constants in Prussian Yellow are calculated to be larger than experimentally
measured ones for GGA functionals (PBE, PBE+U), though meta-GGA (SCAN, r2SCAN)
and hybrid (PBEO, HSE06) functionals match experimental values well. Contrary, for Prus-
sian Blue the results of the GGA functionals agree with the experimental literature, while
meta-GGA and hybrid functionals underestimate the lattice constant. For Prussian White,
PBE and the hybrid functionals match best, while the meta-GGA functionals underestimate
the lattice constant. The only functional to overestimate the volume expansion is PBE+U.
Regarding the volume expansion during sodium intercalation, a linear trend is observed in
the experiments of Wu et al.. While the change in lattice constant from Prussian Yellow
to Prussian Blue is positive for the non-hybrid functionals, the trend is by far not a linear
one. Prussian Yellow and Prussian Blue exhibit almost the same lattice constants, while
most of the lattice expansion is attributed to the sodiation step from Prussian Blue to Prus-

sian White. The hybrid functionals even predict the lattice constant of Prussian Blue to be
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smaller than that of Prussian Yellow, qualitatively mismatching the experimentally observed
trend.

For rhombohedral Prussian White there are slight variations in the lattice constants when
comparing functionals, though no significant outliers are to be reported. All functionals fit
the experimental data reasonably well. Notably, during the full duration of the study we were
not able to converge the rhombohedral Prussian White system with the HSE06 functional.
Whether this is due to the specific setup of the computation cluster and software, or due to a
more fundamental reason is currently under further investigation. Therefore, in this and all
following comparisons, the data for the rhombohedral Prussian White structure calculated

with the HSE06 functional are omitted.
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Figure 4: Representation of the bond length in dependence on the functional for all four
compounds. The Fe-N bonds are represented with dots, Fe-C bonds with squares and C-N
bonds with diamonds. The compounds are color coded: Prussian Yellow (yellow), Prussian
Blue (blue), cubic Prussian White (grey) and rhombohedral Prussian White (red).

In Figure 4 the upper panel depicts the Fe-N and Fe-C bond length, while the C-N bond

length is represented in the lower panel. This separation is necessary due to the markedly
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shorter C-N bonds relative to the metal-ligand bonds. Further, a more narrow y-axis scale is
used in the lower panel to improve clarity and avoid overlapping data lines. The variations in
bond lengths mirrors the behavior observed in the lattice constants, indicating a consistent
structural response across different measured properties.

The Fe-N bond length exhibits the highest sensitivity to changes in both the exchange-
correlation functional and the degree of sodiation. Consistent with the behavior of the
lattice constants, the Fe-N bond length shows minimal variation between Prussian Yellow
and Prussian Blue, with Prussian Blue generally displaying slightly expanded bond lengths.
A significant increase is observed when transitioning to the fully sodiated cubic and rhombo-
hedral phases. These two structures, representing the same sodiation level, show comparable
lattice constants, with the rhombohedral variant being marginally larger. This difference is
attributed to the elongation of bonds induced by octahedral tilting and distortion in the
rhombohedral lattice. In contrast to the flexible Fe-N bond, the Fe—C bond is considerably
more rigid. Across all degrees of sodiation, it shows only a minor contraction, confirming
its structural stability. The C-N bond is even more invariant, with almost no measurable
changes as the sodium content increases. This stability can be attributed to the strong co-
valent nature of the carbon-nitrogen bond. Any slight elongation detected in the C-N bond
follows a predictable trend of marginal lengthening with increased sodiation, which is slightly
more pronounced upon transitioning to the rhombohedral structure due to associated lattice

distortions.

Electronic analysis

Figure 5 presents a concise overview over the electronic properties important to this material
class. The upper part of the figure displays the change in magnetization upon increase of
the sodium content for the Fe-Cg and Fe-Ng iron centers, while the lower image depicts the
distribution of electronic states around the fermi level for each compound and functional.

The average magnetization of the carbon- and nitrogen-coordinated iron centers can be

13

https://doi.org/10.26434/chemrxiv-2025-s63k4 ORCID: https://orcid.org/0000-0002-4121-5521 Content not peer-reviewed by ChemRxiv. License: CC BY 4.0


https://doi.org/10.26434/chemrxiv-2025-s63k4
https://orcid.org/0000-0002-4121-5521
https://creativecommons.org/licenses/by/4.0/

used to represent the selective oxidation of the iron atoms during sodiation. First, the low-
spin Fe-Cg center is selectively oxidized, then the Fe-Ng centers. The currently not oxidized
iron centers stays relatively constant in their magnetization. While there are slight differences
in the magnetization of the iron centers between the fully sodiated cubic and rhombohedral
modification, these do not change the ordering in results for the functionals, just the split
between the functionals is larger for RPW than PW. The values for the carbon-coordinated
iron atoms are relatively stable between the functionals and also match the formally expected
number of unpaired electrons. For the nitrogen-coordinated iron atom on the other hand,
all functionals predict lower values than the number of formally unpaired electrons. The
PBE functional predicts the lowest magnetization for the high-spin iron centers, as it most
strongly delocalizes the electrons, a phenomenon known as overdelocalization, well known in
this type of functional. The meta-GGA functionals show an increase in the localization of
the electrons around the iron atoms, though not as pronounced as for the hybrid functionals.
The highest magnetization is predicted by the PBE+U functional, representing the ability
for the Hubbard U-parameter to more strongly localize the electrons, while keeping the com-
putational cost low in using a GGA functional. The trend of functionals perfectly matches
the localization degree of the functionals - showing the influence of the localization onto the
local magnetization. Further, this trend is consistent for all compounds and inversely true
for the Fe-Cg centers as well.

The second, maybe even more important electronic property is the band gap of a mate-
rial. Experimentally, Prussian Yellow, as well as cubic and rhombohedral Prussian White
should be metallic conductors, while Prussian Blue is a semiconductor with a band gap of
~1.75 eV.? The general trend for functionals in this regard is that GGA functionals sig-
nificantly underestimate the band gap of most materials, again due to the strong electron
delocalization of the functionals. Meta-GGA functionals improve upon the accuracy of the
GGA functionals in exchange for an increase in computational time. They normally still

underestimate the band gap of materials, but are closer to experimental values than pure
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Figure 5: Representation of the calculated electronic properties of the cubic and rhombohe-
dral Prussian Blue modifications. The upper panel depicts the magnetization of the Fe-Cg
(left y-axis) and Fe-Ng (right y-axis) iron centers for the different compounds, while the lower
panel depicts the metallic / semiconducting nature of the compounds by representing the
valence band from the valence band maximum (VBM) downward in blue and the conduction
band from the conduction band minimum (CBm) upward in orange. If applicable, the size
of the band gap is included in the visual gap, otherwise the conduction band and valence
band meet at the fermi energy symbolizing metallic behavior.

GGA calculations. Hybrid functionals on the other hand tend to overestimate the band gap
slightly to significantly, though they are seen as the best choice for calculating electronic
properties for materials without prior knowledge. The GGA+U approach again tries to rec-
tify the underestimation of the band gap with as little as possible additional computational
effort by including a simple correction term. The U-values used here are even adapted from
a study'® on Prussian Blue, that screened the U-values to best reproduce the band gap of

the original Prussian Blue material with potassium ions intercalated into the 8c position,
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which report a band gap of 1.73 eV - in perfect agreement with the experimental reports.®®

The results for Prussian Yellow align with expectations: GGA and meta-GGA functionals
predict metallic behavior, while hybrid functionals incorrectly open a band gap. For Prussian
Blue, the functional dependence continues to reflect anticipated trends, although PBE+U
anomalously predicts metallic behavior. Interestingly, when sodium is placed in the 8c
position, PBE+U yields a band gap of 1.813 eV - closely matching experimental values.
However, when sodium is relocated to the 24d site, the band gap collapses as electronic states
begin to cross the Fermi level. This behavior may be attributed to the broken symmetry
arising from sodium occupying a lower-symmetry sublattice. A complete set of results for all
exchange-correlation functionals applied to the Prussian Blue model system, with sodium
intercalated into the 8¢ Wyckoff position, is available in the SI - section ”Sodium in the 8c
Wyckoff position structures”.

The electronic structure predictions for Prussian White exhibit notable discrepancies
with the established literature, particularly in the absence of the metallic character. The
computed band gaps show a clear dependence on the degree of electron localization inherent
to each exchange-correlation functional. The GGA functional PBE yields the smallest gap at
0.42 eV, while meta-GGA functionals produce values just under 1 V. In contrast, the highly
localized functionals PBE+U, PBEO, and HSEQG6 result in significantly larger gaps exceeding
3 eV. Again, when sodium is placed at the 8¢ Wyckoff site, both GGA and meta-GGA
functionals predict a metallic state, aligning with expectations, whereas hybrid functionals
still maintain band gaps - although reduced to 2.27-2.97 eV - suggesting a partial recovery
of the expected electronic structure. Again, the complete data for the model Prussian White
system used for comparison is available in the SI under “Sodium in the 8¢ Wyckoff position
structures”.

For the rhombohedral modification again, similar to the Prussian Yellow system, every-
thing seems to be in order. GGA and meta-GGA accurately predict metallic behavior while

the PBEO functional opens up a very large band gap of 4.34 eV.
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Sodium manganese hexacyanoferrate, Nag,Mn[Fe(CN)G6]

The upcoming sections explore the effects of substituting the nitrogen-coordinated iron center
in the Prussian Blue framework with manganese, chosen for its demonstrated potential
in cathode applications. This substitution allows for a test of the transferability of the
previously employed exchange-correlation functionals to other types of PBAs. Additionally,
the structural and electronic properties of the material shall be explored, as well as how they
are affected relative to the original iron-based compound. The improved energy density of
the manganese-based material, achived by allowing for a higher operating voltage (3.45V
vs. Na/Na+) is considered the main advantage of this substitution.®% Experimentally
observed drawbacks include increased structural degradation at lower sodium concentrations
due to Jahn-Teller distortions.?® Similar to FeHCF it also faces the problem of compositional
dissolution via a disproportionation reaction, due to the meta-stability of - here Mn™3 - at the
surface of the material or the interface to the electrolyte.?® As manganese-hexacyanoferrate
(MnHCF) is derived from its iron-based analogue by substituting the nitrogen-coordinated
iron with manganese, the underlying crystal framework is preserved. The structure remains
composed of alternating FeCy and MnNg octahedra interconnected via cyanide ligands. In
the fully desodiated state (NagMnHCF), the material exhibits minor deviations from cubic
symmetry due to the Jahn-Teller distortion associated with the presence of Mn3*. However,
the half-sodiated compound (Na; MnHCF) retains a cubic structure. Upon further sodiation
beyond 1 Na per formula unit, the structure transitions into a rhombohedral configuration,
a behavior consistent with the well-established structural evolution observed in the original
iron-based Prussian Blue compound. Consequently, the fully sodiated MnHCF (NayMnHCF)

also adopts the rhombohedral structure.

Structural analysis

The main distinction in lattice constants between MnHCFEF and FeHCF is the occurrence of

the tetragonal Prussian Yellow phase, characterized by a = b # ¢ and o = § = v = 90°.
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This distortion, induced by the Jahn-Teller effect, typically leads to a slight elongation of
the c-axis, while the a- and b-axes remain unchanged or slightly contracted. To achieve
these structures, the cubic phase was taken as initial state. To combat getting stuck in a
higher symmetry structure, the c-axis was elongated by 0.3 A and freely relaxed afterwards.
To ensure consistency across calculations, the cubic phases of Prussian Blue and Prussian
White were kept fixed during structural relaxation, whereas the rhombohedral Prussian
White structure was allowed to fully relax. Figure 6 displays the resulting lattice constants

for all examined systems.
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Figure 6: Lattice constant in dependence on the functional. The graph depicts the lattice
constants of cubic Prussian Yellow, Prussian Blue, Prussian White and the fully sodiated,
rhombohedral system (red). For the non-cubic systems the a and b lattice constants are
depicted in dark hues, while the c lattice constant is represented in light ones.

The predicted elongation direction of the lattice constants in Prussian Yellow varies
depending on the functional, although the tetragonal symmetry (a = b # ¢) is preserved in
all cases. This can be visually identified in the figure by a shift in the hue of the yellow color.
Overall, the Jahn—Teller-induced changes in lattice parameters are minor and smaller than
those caused by the choice of exchange-correlation functional.

For both manganese-based Prussian Blue and Prussian White, the choice of exchange-

correlation functional has a negligible effect on the computed lattice constants. A consistent
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trend is observed where the lattice constant increases with sodium content, again dominated
by the transition from Prussian Blue to Prussian White. The calculated lattice parameters
for the rhombohedral Prussian White phase show good agreement with experimental data
across all tested functionals. The PBE+U functional stands out, as it predicts a noticeable
expansion along the a and b axes and a slight compression along the ¢ axis when compared
to standard PBE.

Substituting iron with manganese in the FeHCF system leads to a contraction of the Prus-
sian Blue lattice constant, while cubic Prussian White shows a slight expansion. Across all
tested functionals, the rhombohedral lattice constants decrease marginally with manganese

substitution.
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Figure 7: Representation of the bond length in dependence on the functional for all four
compounds. Color code: Prussian Yellow (yellow), Prussian Blue (blue), cubic Prussian
White (grey) and rhombohedral Prussian White (red). The Fe-N bonds are represented
with dots, Fe-C bonds with squares and C-N bonds with diamonds.

The bond lengths in MnHCF compounds are shown in Figure 7. Overall trends closely re-

semble those observed in FeHCF, as the substitution does not significantly alter the bonding
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character. Mn-N and C-N bond lengths increase with sodium content, while Mn-C bonds
contract. Among them, Mn—N bonds are the most flexible, exhibiting the largest variation,
whereas Mn—C bonds remain relatively rigid. C—N bonds again show the lowest variation of
the bonds present in the Prussian Blue framework.

A notable anomaly is the sharp increase in lattice constants between Prussian Yellow and
Prussian Blue when employing the PBE+U functional. This behavior stands in contrast to
all other tested functionals, which distribute structural expansion more gradually across
intermediate sodiation states. Additionally, the r?SCAN functional shows an uncommon
inversion in the Mn-N bond length trends between Prussian Yellow and Prussian Blue,
diverging from the expected behavior. When comparing the two material systems, MnHCF
consistently displays longer Mn—-N and Mn—C bonds than the corresponding Fe-N and Fe-C
bonds in FeHCF.

Electronic analysis

Figure 8 again displays the electronic properties important to the MnHCF compounds in
a concise fashion. The upper part of the figure presents the magnetization of the Mn-Cg
and Mn-Ng iron centers, while the lower image depicts the distribution of electronic states
around the fermi level for each compound and functional.

The magnetization trends in MnHCF mirror those in FeHCF, with Mn-N centers adopting
a high-spin state and Mn-C centers remaining in a low-spin configuration. Due to manganese
contributing one fewer electron than iron, the Mn—C center transitions from one to zero
unpaired electrons during the first sodium intercalation step. Meanwhile, the Mn—N center
remains unchanged initially, and increase from four to five unpaired electrons during the
second sodium intercalation.

For Prussian Yellow and both the cubic and rhombohedral forms of the Prussian White
analogue, all functionals yield consistent results that align with the formally expected elec-

tronic structures. In contrast, for the half-intercalated manganese Prussian Blue analogue,
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PBE, SCAN and r?SCAN accurately capture the expected trend in the electronic structure.
PBE+U, PBEO and HSE06 predict an unexpected and counterintuitive electronic configu-
ration, including the emergence of antiferromagnetic ordering and the premature reduction
of the Fe—N center. This result deviates from both experimental observations and chemical
intuition. The nonphysical electronic states are likely caused by excessive localization, as
only functionals with strong localization tendencies produce these anomalies. While hybrid
functionals have fixed localization strength, the PBE+4U framework offers tunability and
could, in principle, be adjusted to recover the correct electronic trends. However, this also
highlights the risk of indiscriminately transferring Hubbard U values to systems that differ
even slightly from their original benchmarking context.

The calculated band gaps for the MnHCF system vary significantly depending on the
choice of exchange-correlation functional, and no clear trend can be established. SCAN
consistently predicts small band gaps across all compounds, ranging from 0.39 to 0.50 eV.
In contrast, PBEQ attributes the largest band gap to the Prussian Yellow analogue. PBE
yields a moderate band gap of 0.61 eV for the Prussian Blue analogue, while r2SCAN iden-
tifies both Prussian White analogues as semiconducting, with gaps of approximately 0.3 eV.

Interestingly, both PBE+4-U and HSE0O6 predict metallic behavior in all systems studied.

Stability considerations

In this section we like to explore some stability considerations of the presented compounds.
It is known from experiment that the rhombohedral modification of Prussian Blue/White is
preferably formed > 1 Na per f.u. in systems with low water content and low defect density.
The conditions of low (or no) water content and low (or no) defect density are easily fulfilled
when doing theoretical calculations by simply setting up the system in a pristine state.
Therefore, one can easily evaluate the relative stability of these compounds by comparing
the total energy per formula unit of the system. The energetic comparison of the cubic

and rhombohedral Prussian White modifications for the original FeHCF compound and its
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Figure 8: Representation of the calculated electronic properties of the cubic and rhombo-
hedral MnHCF modifications. The upper panel depicts the magnetization of the Mn-Cg
(squares) and Mn-Ng (diamonds) manganese centers for the different compounds, while the
lower panel depicts the metallic / semiconducting nature of the compounds by representing
the valence band from the valence band maximum (VBM) downward in blue and the con-
duction band from the conduction band minimum (CBm) upward in orange. If applicable,
the size of the band gap is included in the visual gap, otherwise the conduction band and
valence band meet at the fermi energy symbolizing metallic behavior.

manganese-substituted counterpart are shown in Figure 9.

While the absolute value of stabilization slightly varies between functionals, these differ-
ences in themselves are not noteworthy. The difference in the two modifications is always,
for all functionals, more pronounced for MnHCF than FeHCF. What is most noteworthy, is
that only PBE4U predicts a larger stability for the cubic modification, completely inverting
the trend seen with every other functional, curiously for FeHCF and MnHCF. We propose

that the unexpected trend reversal associated with the PBE+U functional stems from the
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Figure 9: Visualization of the relative stability of the rhombohedral Prussian White modifi-
cation with respect to the cubic modification. Negative values represent the rhombohedral
phase being more stable. The values for FeHCF are shown in orange, while the results for
MnHCF are displayed in magenta.

use of U-values that were originally calibrated for a significantly different reference system.
Specifically, these values were derived for a cubic, mixed-valent Prussian Blue compound
with a finite band gap and potassium occupying the 8c Wyckoff position. In contrast, the
rhombohedral system is a non-cubic, non—mixed-valent, metallic system with sodium located
in the 24d site. Most likely, the cubic system is relatively well described, but the stability
of the rhombohedral system is severely underestimated due to the non-transferable nature
of U-values. We still expect that employing distinct U-values for iron centers in chemically
distinct environments remains advantageous. Problematically though, system-specific re-
optimization of the U-values would compromise the comparability, leading to a conundrum
that has to be carefully evaluated when utilizing the Hubbard U-correction for multiple state
of charges in any battery material. Nonetheless, further studies are warranted to investigate
the observed anomaly more systematically and increase the certainty of the hypothesis.

All exchange—correlation (XC) functionals consistently predict that sodium prefers the

24d Wyckoff site in the cubic modification — regardless of the transition metal species
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or sodium concentration. Further comparison reveals significant anomalies in the results
obtained using the PBE+U functional. Specifically, two sodium configurations display an
unusual increase in site preference of approximately 300%. A more detailed discussion of this
behavior is provided in the Supporting Information, under the section titled ”Site Preference
Measurement in Prussian Blue Materials”.

The previously discussed stability considerations directly impact one of the key battery
properties derived from DFT calculations: the open-circuit voltage. We computed OCV
curves for a purely cubic model and for a system incorporating both cubic and rhombo-
hedral Prussian Blue structures, considering various exchange—correlation (XC) functionals,
as shown in Figure 10. Across all functionals, the rhombohedral phase generally yields
higher voltages than the cubic counterpart, regardless of the transition metal used. The
only exception is PBE+4U, where the artificial stabilization of the cubic phase leads to a
significantly lower predicted voltage for the rhombohedral structure. Finally, a comparison
of the two transition metal systems reveals that substituting iron with manganese increases
the OCV in all cases, consistent with experimental observations,® except under the PBE+U-

rhombohedral model.

Migration barrier calculation

Migration barrier calculations were limited to the FeHCF system due to the high computa-
tional cost, especially when using hybrid functionals. To manage the computational cost, an
initial estimate of likely migration pathways was obtained using bond valence sum mismatch
analysis, which served to guide the subsequent NEB (nudged elastic band) calculations. The
generated isosurfaces depicting the sodium ion migration pathways are shown in Figure 11,
with panels a & b illustrating the cubic system, and panels ¢ & d corresponding to the
rhombohedral structure.

The isosurface for the cubic system reveals a three-dimensional migration framework

aligned with the crystallographic axes, with ion motion revolving around adjacent CN bonds
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Figure 10: Plot of the calculated open circuit voltage curves for the purely cubic and cu-
bic/rhomb Prussian Blue systems calculated with all functionals. Plotted is the voltage vs.
the sodium concentration x. The voltages curves for FeHCF systems is displayed in blue
hues, while the values for the MnHCF system are displayed in purple hues. Dark colors were
utilized for purely cubic model systems, while the experimentally observed switch from cubic
to rhombohedral modification is included in the light colored curves.

and circumventing the large central cavities. This result agrees well with and visually illus-
trates the ladder-like diffusion mechanism previously described by Nordstrand et al.?”*® In
the rhombohedral system, the basic migration topology remains similar, but the structural
distortions characteristic of this phase lead to a pronounced asymmetry in the migration
channels. The corresponding visualizations highlight this deformation and match well with
prior findings.?!

The migration barriers were calculated along the BVS-identified pathways for all four
FeHCF compounds, using each of the six exchange-correlation functionals. Figure 12 shows

PBE-calculated transition states of the elementary migration steps along these pathways,
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Figure 11: Isosurface representation of the bond valence sum mismatch in the cubic (a&b)
and rhombohedral (c&d) Prussian White system. The isosurface at a bond valence sum
mismatch value of 0.5 to the ideal valence is shown in yellow, matching the color of the
sodium atoms. High- and low-spin iron atoms are represented in red and green, respectively.
The coordination polyhedra are colored to match the respective central atom, with their
transparency increased to enhance the visibility of the underlying structure. Carbon atoms
are shown in grey, nitrogen atoms in blue.

indicated by the string of yellow-colored sodium atoms. Panel a illustrates the migration
process in the high-vacancy limit, with only the diffusing charge carrier present in the con-
ventional unit cell. Panels b and b depict the half-sodiated and low-vacancy cubic phases,
respectively. For each cubic configuration, two single-image NEB calculations were performed
to explore the ladder-like migration mechanism between sodium ions occupying minimum-
energy 24d Wyckoff sites. In the half-sodiated system, this path was further extended by
mirroring to complete a full round-trip trajectory, allowing the path to return to its original,
energetically favored configuration.

Additionally, diffusion across the large central void (Wyckoff 8c site) was evaluated within
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Figure 12: A depiction of the migration pathways for different sodium concentrations within
the unit cell of the cubic and rhombohedral phase of FeHCF. High- and low-spin iron atoms
are represented in red and green, respectively. Carbon atoms are shown in grey, nitrogen
atoms in dark blue. Ladder-mechanism type migration shown by sodium atoms colored in
yellow, the transition state for a diffusion straight through the large void (Wyckoff 8¢) within
the structure shown in purple, non-participating sodium ions are colored cyan. Periodic
images of sodium ions are hidden for clarity.

the cubic modification using a single-image NEB calculation. The transition state of this
alternative pathway - sharing the same initial and final configurations as the standard route -
is shown in purple in Figure 12. In addition, panel d presents a visualization of the migration
event studied within the rhombohedral low-vacancy limit. This pathway was also modeled
using a single-image NEB approach. For clarity, sodium ions not involved in the migration
process are shown in cyan, allowing easy identification of the diffusing species.

The assessment of migration barriers begins with the high-vacancy system, chosen for its
simplicity and idealized conditions. Due to the degeneracy of available sodium sites and the

absence of neighboring ions, it provides a reference scenario without site-specific interactions.
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Figure 13: Plot of the calculated migration energy barrier for the cubic and rhombohedral
FeHCF modification. For all three cubic modifications, both migration pathways, the ladder-
like migration mechanism (dots) and the diffusion across the large central void (diamonds),
are displayed. The functionals are color coded: PBE (red), PBE+U (blue), SCAN (green),
r’SCAN (purple), PBEO (yellow) and HSE06 (cyan).

Most exchange-correlation functionals yield a migration energy of approximately 60-80 meV
for the ladder-like diffusion pathway, with SCAN as the notable exception at ~250 meV.
Although these values are lower than those previously reported, they align with the high
site accessibility and well-documented fast ion transport in Prussian Blue. In comparison,
migration through the central void is energetically less favorable across all functionals, with
calculated barriers between 200-350 meV and a maximum of 450 meV for SCAN. This route
also shows greater sensitivity to the choice of functional than the ladder-like mechanism.
The half-sodiated Prussian Blue system is special due to its notable stabilization of a

tetragonal sodium ion configuration within the framework, making it a uniquely stable in-
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termediate phase between the fully desodiated and fully sodiated structures. While this
structural ordering is energetically favorable, it introduces complications for migration bar-
rier calculations. Specifically, the combination of a strongly preferred sodium configuration
and otherwise low migration barriers leads to a situation where the energy landscape is
overwhelmingly influenced by configurational contributions rather than actual ion migra-
tion energetics.® This effect is consistently observed across all tested exchange-correlation
functionals. The shape and hight of the NEB energy profile, as well as the position of the
transition state is further consistent with a recent publication of Ito et al.%® Only PBE pre-
dicts a residual barrier of ~60 meV, though only in the case of a migration through the
unfavorable 8c site. In real-world conditions, thermal fluctuations in the sodium ion configu-
ration are expected to enhance ion mobility, by disrupting the rigid tetragonal ordering and
flattening the migration energy landscape. This is expected to result in a migration profile
more consistent with those of Prussian Yellow or Prussian White, a hypothesis further sup-
ported by the similarity of 8c site diffusion barriers across all three sodium concentrations,
especially in both PBE and HSEO6 calculations. This is also well in line with results of
70 meV for the migration barrier of sodium in PB from AI-MD simulations as reported by
Ito et al.®®

The migration barriers in the low-vacancy limit of Prussian Blue systems - i.e., charge
carrier diffusion in cubic Prussian White - closely resemble those in Prussian Yellow. How-
ever, a slight overall increase in barrier height is observed, which can be attributed to a
greater influence of the surrounding sodium environment on ion migration pathways. This
environmental sensitivity manifests differently across functionals: for instance, SCAN pre-
dicts a reduction in the barrier, whereas PBE+U, PBEO, and HSEO06 yield higher values.
Other functionals produce similar results, without establishing a consistent trend. As in
the Prussian Yellow case, diffusion through the 8c site remains energetically unfavorable,
reinforcing the notion that this site is generally avoided during sodium migration.

Ion diffusion in the rhombohedral modification of Prussian Blue exhibits a strong sen-
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sitivity to the chosen exchange-correlation functional, with migration barriers ranging from
approximately 250 meV (SCAN and r?SCAN) to as high as 500 meV (PBEO).

Across all studied systems, there is a modest increase in migration barriers with ris-
ing sodium concentration, likely due to increasing electrostatic constraints imposed by the
surrounding sodium environment. However, this trend does not fundamentally govern the
overall diffusion behavior in Prussian Blue analogues. The PBE-+U functional typically
yields higher migration barriers than standard PBE. This anomaly may suggest that the in-
clusion of the Hubbard U parameter amplifies the environmental influence on ion migration.
Complete numerical data for all migration barriers calculated with various functionals is

provided in the ST under the section ”Floating point data on migration barriers in FeHCF.”

Conclusion

The present study employs density functional theory to benchmark six widely used exchange-
correlation functionals, selected to represent three rungs of Jacob’s ladder, in their ability
to accurately capture key battery-relevant properties. These include structural, electronic,
and sodium ion transport characteristics of the cubic modification of Prussian Yellow and
Prussian Blue and the cubic and rhombohedral modification of Prussian White. Our results
provide critical insights into the influence of functional choice on the predictive reliability of
computational battery materials screening.

The PBE functional reliably reproduces the structural and ion transport properties of
Prussian Blue, provided the total magnetic moment of the unit cell is fixed to the formally
expected value. However, it still underestimates electronic band gaps, as commonly observed.
Our findings reveal that the widely used approach to utilize the Hubbard U correction with
PBE, can produce unphysical predictions in complex systems such as Prussian Blue analogues
when sodium content varies. This reinforces the necessity for rigorous benchmarking of

U-values tailored to the exact use case. This is particularly evident in the treatment of
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rhombohedral distortions, which play a crucial role in stabilizing high sodium content phases.
While all other functionals accurately capture this stabilization effect and its impact on
the calculated open-circuit voltage (OCV), PBE+U fails to do so, thus compromising its
reliability for battery-relevant predictions.

Meta-GGA functionals, such as SCAN and r2SCAN, provide enhanced accuracy in de-
scribing the electronic structure of Prussian Blue analogues, particularly by partially correct-
ing the underestimated band gaps often observed with lower-rung functionals. Despite this,
the provided improvement on key battery-related properties - such as open circuit voltage
and ion migration barriers - is limited. Given the considerable computational demand of
meta-GGAs, the benefits must be weighed against the cost. In this regard, r2SCAN demon-
strates clear advantages over SCAN, offering comparable accuracy with significantly better
computational performance.

Hybrid functionals offer high accuracy but are computationally intensive. While effective
for single-point electronic structure calculations, they are unsuitable for more demanding
simulations such as NEB. Moreover, they tend to significantly overestimate band gaps -
comparable in magnitude to the underestimation seen with meta-GGAs. It is also important
to note that the HSE06 hybrid functional failed to converge during structural relaxation
of the rhombohedral system, although single-point calculations with this functional were
successful.

In conclusion, for studies focused solely on half-intercalated, mixed-valent Prussian Blue,
the widely adopted approach proposed by Wojdel, which utilizes a U-value of 3 and 7 eV for
the carbon-coordinated and nitrogen-coordinated iron, respectively, offers the best compro-
mise between accuracy and computational cost. However, in the context of practical battery
applications, where a wide range of properties must be simultaneously captured - including
the prediction of open-circuit voltages, and sodium migration behavior - this approach is
insufficient. The use of fixed U-values leads to incorrect energetic trends, particularly for

the stability of the rhombohedral phase. As such, we advise employing a more adaptable
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functional scheme.

For the best balance between accuracy and computational efficiency, we recommend
using the PBE functional with a fixed total magnetization, supplemented by hybrid single-
point calculations for electronic structure when necessary. If unrestricted magnetization is
preferred, pure meta-GGA calculations offer a suitable alternative. Although they tend to
underestimate band gaps, their predictions still align with experimentally observed trends.
In this case, 1?SCAN is preferable to SCAN due to its enhanced computational efficiency
and comparable accuracy.

Single-image climbing NEB calculations provided an efficient and sufficiently accurate
method for estimating migration barriers. The results exhibit functional-dependent yet sys-
tematic trends across sodium concentrations and structural phases. Overall, the ladder-like
diffusion pathway, as proposed by Nordstrand et al., is consistently favored, showing acti-
vation energies that are typically 3-6 times lower than those for diffusion through the large
void (Wyckoff 8c site).

Overall, this work establishes a transferable, high-fidelity computational workflow for
evaluating Prussian Blue analogues and underlines the importance of functional choice in
capturing the nuanced physics of these systems. We anticipate that the computational
strategies and results outlined in this study will contribute meaningfully to the rational design
of sustainable and economically viable materials tailored for long-duration, grid-scale energy
storage systems. Incorporating these theoretical insights into materials design pipelines has
the potential to significantly shorten development cycles and guide researchers toward PBA
systems with enhanced cycling stability, higher energy density, and greater compatibility

with sustainable, large-scale energy storage.
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