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Reduced Basis Methods for Parameterized Partial Differential Equations with
Stochastic Influences Using the Karhunen—Loéve Expansion®

Bernard Haasdonk!, Karsten Urban®, and Bernhard Wieland!$

Abstract. We consider parametric partial differential equations (PPDEs) with stochastic influences, e.g., in
terms of random coefficients. Using standard discretizations such as finite elements, this often
amounts to high-dimensional problems. In a many-query context, the PPDE has to be solved for
various instances of the deterministic parameter as well as the stochastic influences. To decrease
computational complexity, we derive a reduced basis method (RBM), where the uncertainty in
the coefficients is modeled using Karhunen-Loeve (KL) expansions. We restrict ourselves to linear
coercive problems with linear and quadratic output functionals. A new a posteriori error analysis
is presented that generalizes and extends some of the results by Boyaval et al. [Comput. Methods
Appl. Mech. Engrg., 198 (2009), pp. 3187-3206]. The additional KL-truncation error is analyzed
for the state, output functionals, and also for statistical outputs such as mean and variance. Error
estimates for quadratic outputs are obtained using additional nonstandard dual problems. Numerical
experiments for a two-dimensional porous medium demonstrate the effectivity of this approach.
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1. Introduction. Several problems in science, medicine, economics, and engineering are
modeled by partial differential equations (PDEs) with stochastic influences. One could think
of measurements that are uncertain or unknown spatial coefficients such as porosity. Exam-
ples include porous media flows (e.g., groundwater, Li-ion batteries, or fuel cells), models
in finance, or inverse problems. In addition to such uncertainties, many problems also de-
pend on a number of (deterministic) parameters; i.e., one has a parameterized PDE (PPDE).
Examples include geometry, model parameters, or forces. We are particularly interested in
situations where the PPDE with stochastic influences has to be evaluated quite often for var-
ious instances of the deterministic parameters and the stochastic influences. In the stochastic
framework, such a situation occurs, e.g., in Monte Carlo simulations to compute statistical
quantities such as mean, variance, or other moments. For the deterministic parameters, one

“Received by the editors May 10, 2012; accepted for publication (in revised form) February 4, 2013; published
electronically March 27, 2013.

http://www.siam.org/journals/juq/1/87674.html

fnstitute of Applied Analysis and Numerical Simulation, University of Stuttgart, Pfaffenwaldring 57, D-70569
Stuttgart, Germany (haasdonk@mathematik.uni-stuttgart.de).

Hlnstitute of Numerical Mathematics, University of Ulm, Helmholtzstrasse 18, D-89069 Ulm, Germany
(karsten.urban®uni-ulm.de, bernhard.wieland@uni-ulm.de). The second author has been supported by the Deutsche
Forschungsgemeinschaft (DFG) under GrK 1100 and Ur-63/9. The third author is funded by the state of Baden-
Wiirttemberg according to the State Postgraduate Scholarships Act (Landesgraduiertenférderungsgesetz). This
paper was partly written while the second author was Visiting Professor at MIT, Cambridge, MA.

§Corresponding author.

79


http://www.siam.org/journals/juq/1/87674.html
mailto:haasdonk@mathematik.uni-stuttgart.de
mailto:karsten.urban@uni-ulm.de
mailto:bernhard.wieland@uni-ulm.de

80 B. HAASDONK, K. URBAN, AND B. WIELAND

might think of parameter studies or optimization. Such a many-query situation requires the
numerical solution of the PDE for many instances of parameter and stochastic influence, which
is infeasible in particular for more complex PDEs. Hence, model reduction is required.

It should be noted that we are not concerned with stochastic PDEs involving the Ito
calculus. This is the reason we use the term PDFEs with stochastic influences, even though
this might be a bit lengthy.

The reduced basis method (RBM) has intensively been studied for the numerical solution
of PPDEs; see, e.g., [7, 15, 16, 20]; a complete list of references would go far beyond the scope
of this paper. The basic idea is an offline-online decomposition combined with a rigorous a
posteriori error control. In the offline stage, a reduced basis (RB) is formed by solving the
complex PPDE for certain parameter values, so-called snapshots. The selection is based upon
a Greedy algorithm using a rigorous error bound [21]. The so formed reduced system is then
used in the online stage for a highly efficient simulation for a given new parameter.

One might think that this approach can immediately be used also for PPDEs with sto-
chastic influences, viewing the stochasticity, i.e., stochastic events or inputs, as additional
parameters. However, unlike for deterministic parameters, we have generally no distance mea-
sure in the probability space at our disposal, and so the ideas cannot be transferred directly.
A basic assumption of the RBM is a smooth dependence of the solution of the PPDE with
respect to the parameter, which cannot be assured due to the lack of the distance measure.
Furthermore, the dimension of the parameter space crucially influences the efficiency of the
RBM. In the case of stochastic influences, the parameter space may be infinite-dimensional.

As a way out, we propose using a Karhunen-Loeéve (KL) expansion [12, 13, 17] of the
stochastic process and appropriately truncating it. Even though the resulting expansion co-
efficients are still random variables, i.e., functions with respect to the stochastic event, we
treat them to some extent as parameters that can be modeled using polynomial chaos (PC)
expansions [22, 23]. The KL truncation error of course has to be analyzed. The KL expan-
sion shows some resemblance to the empirical interpolation method (EIM) [2, 18] in order to
obtain an affine decomposition of random and spatial variables, where the random variables
correspond to the parameter dependent EIM coefficients. Consequently, our analysis is in
some parts similar to the EIM analysis in, e.g., [18].

PDEs with stochastic influences have been widely studied in the literature, where, apart
from Monte Carlo methods, weak solutions in space and probability also are considered. These
techniques are also known as stochastic collocation methods [1] or stochastic finite elements
[6]. For more information we refer the reader to [5, 8, 14] and the references therein.

So far, not much work on RBMs regarding stochastic problems has been done. In [4],
Boyaval et al. studied a specific problem with stochastic Robin-type boundary conditions.
However, to the best of our knowledge, the analysis presented there does not cover the case
of general stochastic influences, e.g., in terms of random spatial coefficients. In this sense, the
present paper generalizes and extends the findings in [4]. For the sake of completeness, let us
also mention [3], where an RB control variate technique for variance reduction is introduced.

Particularly in the presence of stochastic influences, one is interested not only in a good
approximation of the state, i.e., the solution of the PPDE, but also in accurate outputs,
together with corresponding statistical quantities such as expectation or variance. The latter
requires the computation of quadratic output functionals. Different RBMs for quadratic
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outputs have been studied. These methods use expanded formulations that eliminate the
nonlinearity [9] or introduce special dual problems [10]. Due to the KL-truncation effects,
however, these approaches cannot be used directly for our problem at hand. Hence, we
introduce two more modified dual linear problems in order to derive a posteriori error bounds
also for the above-mentioned statistical quantities. These error estimates can then be used in
a standard Greedy approach [21] for the offline snapshot selection.

We are aware of the fact that the stochastic influences in general cause the underlying
problem to be high-dimensional. This leads to the necessity of solving high-dimensional prob-
lems in the offline stage, which calls for the use of specific numerical methods. This aspect,
however, is not investigated in this paper, since we consider a Monte Carlo framework with
respect to the stochasticity.

The remainder of the paper is organized as follows. In section 2, we collect known facts on
variational problems with stochastic influences, the KL expansion, and the RBM. We restrict
ourselves to linear coercive problems. Section 3 contains our a posteriori error analysis for the
primal and dual solutions as well as linear and quadratic outputs. In section 4, we introduce
the error analysis for statistical quantities such as moments and variances. Note that since the
operator has stochastic influences, we cannot derive a deterministic PDE for linear moments
such as the expectation even for linear PDEs. The offline-online decomposition is presented
in section 5 as well as a method to compute coercivity lower bounds adjusted to stochastic
problems. Our numerical experiments are described in section 6.

2. Preliminaries. In this section, we collect the basic features of the problem under con-
sideration.

2.1. Variational problems with stochastic influences. Let D C R? be an open, bounded
domain, D C R¥ a set of deterministic parameters, and (2,2, P) a probability space. For
some X C HY(D) (accounting also for the corresponding boundary conditions) let a : X x
XXM —= R, M :=D x, be a possibly nonsymmetric form that is bilinear, continuous,
and coercive with respect to the first two arguments, and let f : X x M — R be a form with
flipw) € HYD), (u,w) € M, that is stochastically independent of a(-,-; jt,w) such that
the variational problem

(2.1) a(u,v; p,w) = flosp,w),  veX,

admits a unique solution u(p,w) = u(;p,w) € X for all (u,w) € M. As an example,
think of a linear elliptic second order PDE whose coefficients and right-hand side depend on
deterministic parameters y € D and stochastic inputs w € Q. In particular, we have in mind
the case in which a coefficient function on D depends on stochastic influences modeled by w.
A formulation of the type (2.1) is also called D-weak/Q-strong [4], and the difference from a
variational approach with respect to both terms, e.g., stochastic Galerkin methods [14], should
be noted. As already mentioned in the introduction, the direct view of w—which represents
an underlying stochastic event—as an additional parameter is not entirely possible. One
should think of it merely as an uncertainty; i.e., a(-, -;-,w) is a random variable or a stochastic
process. Nevertheless, we sometimes refer to w as the stochastic parameter.

In order to achieve computational efficiency of an RBM for (2.1), we assume both terms
in (2.1) to allow for an affine decomposition with respect to the deterministic parameter p,
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namely,
(2.2) a(w,v; p,w ZG“ ) [aq(w,v) + ag(w,v;w)],
(2.3) fv; p,w Zef )+ fo(v;0)],

with Q%, QF > 1, 02,0] : D — R, dg, ag(-,w) : X x X — R, and fy, fy(sw) : X - R
bounded for all w € Q Note that a, and fq denote the expectations of the terms in brackets;
aq(+,;w) and fy(-;w) denote the respective fluctuating parts. We assume that all parts aq, f,
are stochastically independent. In general, we do not require any further assumption on these
terms. However, in section 5, some restrictions are introduced in order to use an alternative
method for the computation of coercivity lower bounds. In cases in which a¢ and f do not
allow for a decomposition in the form of (2.2) and (2.3), respectively, a standard tool to derive
affine approximations of nonaffine functions is the empirical interpolation method (EIM) [2].
A possible use of the EIM would require a technically more involved error analysis which is
not discussed here; cf. [18].

In order to describe the well-posedness of (2.1), one usually defines the coercivity and
continuity constants, respectively, as

oo, p,w) a(w, v; p, w)
(2.4) a(p,w) == inf ———"—= v(p,w) := sup sup —————=.

vex  ol% wexvex |lwllxlvflx
We assume that for some 0 < ag, V00 < 00, We have

(2.5a) a(p,w) > ag >0 (uniform coercivity),
(2.5b) Yy w) < Yoo < 0 (uniform continuity)

for all (u,w) € D x Q. Under these assumptions, the Lax—Milgram theorem guarantees the
well-posedness of (2.1). Next, we define parameter-dependent bilinear forms and energy norms
as (€ Dyw € Q)

(2.6) (W, V) pw = a(w, v, w), HwHiw = (w,w)yw, v,weX.

In many situations, one is not (or not only) interested in the state u(u,w) or the error in
the energy norm, but in some quantity of interest in terms of a linear continuous functional
£: X x M — R. Again, we assume that ¢ is affine, i.e.,

(2.7) 0(v; p,w Z 0 (1 )+ Ly(v;w)]

with Q¢ > 1, 95 : D — R, and £, £,(;w) : X — R bounded and linear for all w € Q. It is
assumed that all parts ¢, are stochastically independent as well as that ¢ is independent of a.
If ¢ is deterministic, we set £/, = 0. The output s : M — R is given as

(2.8) s(k,w) = Lu(p, w); py w).
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If ¢ = f, the output coincides with the right-hand side; this is called the compliant case. In the
noncompliant case, it is fairly standard to consider a dual problem of finding p) = p(l)(,u,w)
such that for given (u,w) € D x Q one has

(2.9) a(v,pV; p,w) = —l(v;pw),  veX.

The superscript (U in (2.9) is motivated by the fact that we will introduce further dual
problems later on.

2.2. Karhunen-Loeéve expansion. As already stated in the introduction, we consider the
well-known Karhunen—Loéve (KL) expansion [12, 13]. Let us briefly recall the main facts.
Let K : D x Q — R be a spatial stochastic process with zero mean and existing covariance
operator Covy(z,y) = E[n(w; ) k(y; )], xz,y € D. Let (\g,ri(x)), K = 1,...,00, be the
eigenvalue/eigenfunction-pairs of the covariance operator; then the KL expansion reads

(2.10) Rsw) = 3 VA () ri(a),
k=1

where & : 2 — R are uncorrelated random variables with zero mean and variance 1. The
eigenvalues are ordered A\; > Ao > --- > 0, and for numerical purposes, we assume a fast
decay. One of the main reasons we consider the KL expansion is now obvious since the above
equation allows for a separation of the stochastic and the spatial terms. This is very similar
to an affine expansion of a form with respect to a deterministic parameter as is common in
RBMs. Here, we can use the deterministic, purely space-dependent, terms for calculations in
the offline phase so that the stochastic influences enter only through the coefficients in the KL
expansion and are thus scalar quantities.

Since the KL expansion requires zero-mean random variables, the affine decompositions
n (2.2), (2.3), and (2.7) are made by a separation into the deterministic expectation a,, fy, 44
and the zero-mean stochastic parts. We apply the KL expansion to the factors ay, f4, and /.
For b € {a, f, ¢}, we get (using the correct arguments of course and our assumptions regarding
stochastic independence)

Qb 0o
(2.11) s ) = 3 60(u) [ch) LY e w) bq,kc)} ,
k=1

q=1

where for notational convenience b, ;. also contains )‘ka from the spectral decomposition of
the corresponding covariance operator.

For numerical purposes, one usually restricts the infinite sum by some K 3 < oo. It is well
known that the KL approximation is optimal in a certain sense [12, 13]. For b € {a, f,{} we
obtain the truncated forms

Qb Kq
(2.12) b pw) =D 0h(u) [bq(-) +) & (W) bq7k(')] .
k=1

q=1
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Here and in the following, an index K indicates that the expression is, or is derived from, a
truncated form. We do not distinguish the dependencies on Kg, g=1,...,Q" b {a, f, 1t}
The truncated primal and dual problems read, for (u,w) € M,

(2.13) o (uge (p,w), v; 1, w) = 5 (05, w), veX,
(2.14) a" (0,5 (1 w)i pw) = =X (v, w), v E X,

with solutions ug = ug(u,w) and pg) = pg) (u,w), respectively.

2.3. Reduced basis approximation. We consider an RB approximation with respect to
our parameters (u,w) € M. To this end, we first consider the detailed approximation of
the primal and dual problems, e.g., by a finite element discretization on a sufficiently fine
grid. The corresponding spaces are usually again denoted by X, indicating that the detailed
approximation and the exact solution are (numerically) indistinguishable. We assume that
dim(X) = N, where N is assumed to be “large”. Consequently, as is typical in the RBMs,
the error analysis will address only the error of the reduced to the detailed solution.

The primal and dual RB spaces are then appropriate subspaces:

Xy C X, dim(Xy) =N <N, XV cX dimX)=~N0 <N

Here and in what follows, an index N indicates that the expression denotes or is based on
reduced systems. We do not explicitly indicate the dependencies on the different dimensions
of the reduced systems; e.g., the dimensions of Xy and X](\',) defined below may be different.

We obtain a truncated primal-dual RB formulation. For (u,w) € M, determine uy g =

un k(p,w) € Xn, pg\l,’)K = pg\l,’)K(u,w) € X](\}) such that

(2.15) aK(uN,K,v;,u,w) = Ky p,w), ve Xy,
(2.16) o (0, p s o) = K (i), ve XY,

We will comment later on the specific construction of X and X](\}).

3. A posteriori error analysis. Now, we focus on the introduction of a posteriori error
bounds for the primal and dual problems as well as for (linear and quadratic) output func-
tionals. We will partly follow considerations similar to those in [18].

3.1. Notation. We start by fixing some notation for the subsequent analysis. In many
cases, where it should be clear from the setting, we will omit the parameter (u,w) for notational
convenience. Let

(3.1) er (1, w) = urc (1, w) — un (1, w), Sy (i w) = pi (1, w) — P (1, w)

be the primal and dual RB errors, respectively, where again ux and pg) denote the solutions
of (2.13) and (2.14), respectively. The corresponding residuals read
K( K(GRB(N,W),’U;,U,,OJ),

v, é&%(u, W); f, w).

(3.2a) rrp(v; 1, w) = (v p,w0) — a® (un i, v pw) = a
(1)

(3.2b) P (U5 1, w) = — 05 (v 1, 0) — (v, P s 11, w) = af(
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Assuming the availability of a computable lower bound 0 < app(p,w) < a(p,w) of the
coercivity constant, it is fairly standard to derive RB error bounds in terms of the following
quantities:

~(1)

1 TRB(’U) A (1) 1 TRB(U)
3.3 Arp(p,w) := sup , A = sup .
(3:3) (1, 0) aLB vex |vllx RB( ) aLB vex |[v|lx

Following the arguments of standard RB a posteriori error analysis [15], the terms Arp and

Agl)a account for the error caused by restricting X to Xy or )N(](\}) (i.e., the RB error) given the
truncated KL forms in (2.13), (2.14). Next, we investigate the KL truncation error. In view
of the definition of a, X, and ¢X, we see that any truncation error depends on the random
variable w and thus on the particular realization. This dependence is somehow unsatisfactory
since all derived bounds would depend on a realization of a random variable. Thus, we propose
replacing the random variables 537 pw), k> K g, b € {a, f, ¢}, by some w-independent quantity.
If the probability density functions of the random variables have finite support or the problem
that underlies the PDE restricts their variations, we can use rigorous upper bounds 5%]3, ie.,
\§S7k(w)] < §%B, b € {a, f,l}, for all w € Q. In many cases, however, it is also appropriate
to use quantiles instead. For some 0 < p < 1, we define &, such that \§S7k(w)\ < ¢b5 holds
with probability 1 — p, where p should be sufficiently small to be negligible in the following
analysis. Hence, we can define the error terms for the primal and dual problems as

(3.4&) 5KL U sy, W Z |9a Z 5%]3 |aq,k(uN,K(:uvw)vv)|’
k:Kg+1

(3.4b) 5 (vs ptyw Z 02 S € lagn(v, P (1, w)],
k:KgH

as well as for the right-hand sides b € {f, ¢},

Qb
(3.4¢) 5%{L(U§,U)3 ZIH” Z §UB|bqk )l-
q=1 k=Kb+1

Note that kg, and SI%)J still depend on w via the RB solutions uy, g and pg\l,’)K. The right-hand

side terms 5{;L and 5f(L are deterministic and thus depend only on p € D. For numerical
realizations, the terms in (3.4) are usually truncated at some Ki,.x, where K(I; < Kpax <
N < co. In a fashion similar to that for the RB error, we set

1 Sk (v) < (1) 1 30 (v)
3.5 A ,w) = su , A = su ,
(3:5) KL w) o= o sup ki) o= S sup
as well as
1 50
(3.6) Al () = —— sup By ey

aLB vex ||V]x
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3.2. Primal and dual errors. We start by estimating primal and dual errors involving
both KL and RB truncation, i.e.,

B7)  elmw) = u(pw) —unk(pw), D (uw) = pW(uw) — piy (1, w),

where u and p denote the detailed primal and dual solutions of (2.1) and (2.9), respectively.
For better readability and notational compactness, we omit the parameters p and w in the
following whenever it does not affect the meaning.

Proposition 3.1. Setting A(u,w) := Agp(p,w)+Agr(u,w )—i—AKL(,u, w), we get |le(p, w)|| x
< A(p,w) for all (p,w) € M.

Proof. We have for any v € X that

ale,v) = a(u,v) — a(un K, v)

= (f()=f5 @) + (" (un,x,v)—alun i, ) + (f5(v)—a” (un,k, ).

The last term coincides with a’ (egp,v) = rrp(v). Testing with v = e yields

lelx < app™" S )
lel| x
< Ifle) = JE(e)] N la® (un i, €) — alun i, )| N |f5(e) — a® (un k. €)|
~ aislellx ar el x ar el x

< AL+ Axp + Agrg

by standard RB estimates. |
CoroIIary 3.2. Settz'ng A(l)(,u w) = A = Agg + A%)L + A%L yields the estimate
180 (1, w)llx < AW (p,w) for all (p,w) € M.
Proof. In a way snmlar to the above we get for any v € X that
a(v,éM) = a(v,pM) = a(v, piy )
1 1 1
= (¢(0) = £(v)) + (" (0P ) —alv, P R)) = (@) +a" (0,0 5)),
and using v = é) yields the desired estimate. |

The next step is to investigate the effectivity of the above estimators. To this end, we
define the Riesz representations of primal and dual residuals as

(38) (gRB(M7w)7 U)X = TRB(U; M,W), (g}({ll_g,(:uﬂ O.)), U)X - Tg%(” oy w )7 v E X7

for 4 € D and w € Q. Since Erp is the Riesz representation, we have that ||Erp(p,w)||x =
|lrrp (1, w)|| x7, and thus by definition

(3.9a) IErB (1, w) |l x = aLp(p,w) Arp (1, w),
(3.9b) IES () 1 x = arp(,w) ALy (1, w).
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Analogously, we define the Riesz representations of the KL residuals by

(310&) (‘S‘KL(:va)v’U)X = T(U;/%w) - T’RB(’U;,U,W),
(3.10b) (Exl(,w), ) = 7(v; 1, w) — P (03 ),

where the detailed residuals are defined as

(3.11a) r(v; pyw) = f(v; p,w) — alun i, v; p,w),
(3.11b) F(v; pyw) = —L(v; p,w) — a(v,pﬁ?;(; 1, w).

We obtain that

I€kellx = lIr = rrellx = If —aluni,) = 5 + 0 (unie, )l x

<=1l + o, ) —a® (un e, )l = e (s, w) (A +Ax),
and similarly HSI((lﬁH x < aLp(A% + A%)J) Finally, in order to estimate the effectivities

Ay, w) (1)

A (1 0
e R o

(3.12) 1k w) : CED (pw)llx

we define the following quantities:

/
(3-13a) c(p, w) = AKL(M?AL;)BJ(FM%)L(M .

A (1
(3.13D) &0 (1, w) = AR (pw) + Afer (1, @)
AR (1, w)

9

Proposition 3.3. If ¢(u,w) € [0,1), we get

VUB(Maw) 1+ c(,u,w)
arp(p,w) 1 — c(,u,w)

n(psw) <

)

where yyp(p, w) > v(u,w) is an upper continuity bound.
Proof. Tt is straightforward to see that for v € X we have

ale,v) =r(v; p,w) = r(v; p,w) — rre(v; p,w) + rep(v; K, w)
= (&kr(p,w),v)x + (ErB(p,w), v)x = (EkL(p,w) + ErB (1, W), v)x;
thus, with v = Erp — EkL,
ale,€rp — €xv) = (EkL + Ers, ErB — &kL)x = | €ral% — I€xLl%
and hence
I€rpl% — ll€xLllk = ale, Erp — Exr) < yus llellx ([€rnllx + [|€xLlx)

1€rBll% — €Ll
|€rBIlx — I€kLlx’

= yuB lellx
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i.e., by the above estimates
1 LB
lellx > —(I€rnllx — [€kLllx) = —=(Arp — Axy, — Afp).
YUB YUB

This finally implies that

A < JUB ARB+AKL+A{(L_'YUB 1+c¢

n= = = )
He”X aLB AR — AL — A{(L ap 1—c¢

which proves the claim. [ ]
Completely analogously we can estimate the dual effectivity as follows.
Corollary 3.4. If &V (u,w) € [0,1), we get

yuB(p,w) 14D (1, w)
aLB(N7w) 1- 6(1) (,LL,OJ) ‘

7 (u,w) <
Finally, for later reference, we note another result. Defining

VUB(/"W) <1 + C(:uv w))
arp(p,w) \1 —c(p,w) )’

(3.14) o1, w) 1=

we get the following estimate for the effectivity with respect to the energy norm.
Corollary 3.5. If ¢(u,w) € [0,1), we get

Vors(p,w)A(u, w

Tetma) e = "ol

Proof. In the proof of Proposition 3.3, we replace |le||x by HeHM,w’mB_lﬂ. [ |

3.3. Output error. Now we consider the approximation EK(UMK;,u,w) to the output
O(uyp,w) = s(p,w). As already known from the RB a posteriori error analysis of linear
output functionals [15], we add a correction term and consider

(3.15) sn i (1 w) = £ (u s 1, w) — TRB(pﬁ,)K; 1, w)

and define the output error estimator by
(3.16) A (pw) = argAAD 4 5ier (P ) + 6, (P i) + Sier ()

Then, we obtain the following estimate.
Theorem 3.6. [s(u, w) — sy, i (1, w)| < A%(u,w) holds for all p € D and w € 2.
Proof. By standard arguments, we get (omitting the argument (u,w))

(1) )

s — sy = L(u) — 5 (un k) + reB(PN

(u) —
= 0(u) — % (un, i) + FEON ) — X (un e, P )
=[5 (u) — X (un )] + [f (0N ) — a (un e, p )]

+ [O(u) — €% (u)] — [f(pN K) — fK(PN i)
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For the first term on the right-hand side, we have

EK(u) — EK(uN,K) (u pg)) + aK(uNJ(,pg)) = —aK(e,pg)).

Using f(pS\I,)K) = a(u,pg\lf?K), we get for the first two terms

[0 () — 5 (un, )] + [F (PN ) — o (unie, P )]
K( (1) )

= (GPK) (UPNK) @ \UN,K;PN,K
1 1
— —a¥(e.pl¥) + " (u — un e, ) + [, i) — ¥ (u, pe)
1) 1)

= ( ) la(u, pNK) (UapN,K)]
[

- —a%;(e) + [a(u, p§ ) — ¥ (u,p ).

Using £(u) — 5 (u) = (e + un k) — (% (e + un k) and a(u,pg\l,?K) — aK(u,pg\lf?K) = a(e +

uNyK,pS\lf?K) —af(e+ uNyK,pS\lf?K) and putting all this together yields

s—snk =—Taple) + [ale.p k) —a®(e.p{ )] + [Lle) — 5 (e)]
(3.17) + [C(un, i) — 5 (un k)] — [f(pN K) — fK(PN )l

1 K
+ [y, P g) = 0 (e, o)
Using the triangle inequality, we estimate the first three terms separately, i.e.,

~(1
7L (5 s w)| < Jlellx sup(rRB< v)/vllx) < arp AAR,

1
(e, px) — a¥ (e, )] < llellx sup(éh( )/lvllx) < ars AAY,

[(e) — £ (e)] < llellx sup(dkp(v)/l[v]lx) < ars A Aky,

veX

by Proposition 3.1. Furthermore, [((uy i) — €% (uy k)| < Oy (un k), \f(pg\lf)K) fK(pNK)| <
51];L(p§\1,?K), and |a(uN7K,p§\1,7)K) — aK(uNyK,pg\lf?K)\ < 5KL(p§\1,7)K). We put everything together,
which yields the desired result. |

The above analysis shows two effects. First, the RB and KL error terms Agrp, Axr,
A{<L and AS])B, Ag{, Af(L appear in pairwise products in the first term of (3.16). In
order to obtain the full order of approximation, RB and KL error terms should thus be
of comparable sizes. Second, as opposed to the deterministic case, we obtain the addi-
tional additive terms 5KL(p§\1,)K) 5§L(pg\1,)K) and 0% (un k) as we see from the estimates
of la(u,pc) — % (w B0l £ Bise) — P (o)), and [e(w) — 05 a)].

Finally, we 1nvest1gate the eﬁect1v1ty of the output error bound for the special case of
a compliant output, i.e., £ = f, and symmetric bilinear form a. For this case, we have

pg\ll)K = —UN,K, ]\7(1) =N and A® = aL,B A2 5comp 5comp = 5KL(UN K) + 26KL(UN K)
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Proposition 3.7. In the compliant case and with symmetric bilinear form a and for no(p,w)
from (3.14), we assume that arp(p, w)A(p,w)? > no(p, w)28%, (1, w). Then, the effectivity

n*(p,w) = He )A i’;“}?wm is bounded by

comp( w)

20kr (kW)

as(p, w)A(p,w)? + 6
arp(p, w)A(p, w)? = mo (1, w)

(3.18) 7 (1, w) < no(p, w)?

Proof. Following the proof of Theorem 3.6 yields for ¢ = f and pg\l,)K = —un,k that

s— sy = fu) =2 5 (un k) + o (un x, un i)
= a(u,u) + 2[f(unk) — 5 (un k)] = 2f (un k) + a(un K, un k)
— a(un, i, un i) — o (un i, un x)]
= ale,e) + 2[f(un.i) — [ (un k)] — [a(un i, un i) — a® (un i, un )]
Using Corollary 3.5, we get

04LB A2

< HeHWU =ale,e) < |s— sy k| + 0gp -
comp
This yields S_A < 2‘5522“;%, which proves the claim. |

[s—sn,x| — 2
The assumption apg(p, w)A(p, w)? > no(p,w) l,w) is rather restrictive and can
be validated only a posteriori. It requires either the energy norm error effectivity ng or the
KL truncation error 5;’31 P to be small. However, the effectivity bound is consistent with
the deterministic case in the sense that for large K, it converges to the energy norm error
effectivity bound 778 as provided in Corollary 3.5, where ¢ is approaching zero at the same
time.

o

3.4. Quadratic output. As a next step, we consider quadratic output functions of the
form

8% (1, w) = [Clu(p,w); w))?,

where ¢ is an w-independent linear functional. If ¢ were stochastic itself, the subsequently
constructed error bounds would include terms depending on the size of s which is independent
of N and K. Also, it is readily seen that just squaring the output sy g from (3.15) is not
sufficient. In fact, since

(3.19) s?— (SN,K)2 =(s— SNJ()(S + SNJ() < A% (s+ SN,K),

the right-hand side does not have the desirable “square” effect, as is typical in RBMs. Hence,
we follow a different path by introducing an additional dual problem, namely, determining
pg) (1, w) € X such that

(3.20) a® (0,2 (1, w); o w) = —2 sk (1, w) - 0o p) = 0P (V3 p,w), v e X.
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Of course, the solution of (3.20) reads pg) =28NK pg), which, however, is useless in the RB

context since we have a different parameter-dependent right-hand side and thus different RB
spaces. Hence, we consider an RB space X](\?) Cc X, dim(X](\?)) = N® and determine some

pff?}((llaw) € X](\?) such that

(321) GK(%pg\%,)K(MaW)?%W) = _6(2) (U; :uvw)v (S X](\?)

We can apply the analysis performed in section 3.2 and just need to adjust the notation.

The dual error reads ég% = pg) — pg\%?K, the residual as fg%(v) = af (v,ég%), and the

RB bounds as A%)B = aLp lsup,eyx (fg%(v)/HvHX). The KL truncation term SI%Z is defined
analogously to (3.4b) by replacing pg\lf)K by pg\??K, and analogously to (3.5),

Agﬂ = arpp”! SUpyex (Sgﬁ(v)/HvHX) The terms 5%24) (v; ) and Aﬁi) (1, w) vanish since ¢

is deterministic. Then, Proposition 3.1 and Corollary 3.2 yield the following estimate for

2)

6(2) = p(2) — pN,K:

(3.22) 162 (1 w)lx < AP (,w) 1= AR (1, w) + AZ) (1,w).

We consider the approximation [((upy x (11, w); s, w)]?. Similar to the definition of sy  in
section 3.3, we add correction terms and consider

(3:23) 8 e ) = () — (o))~ s ().

It is important to keep in mind that we distinguish the squared approximation (s, K)? =

(2]

SN,k - SN,k from the approximation sy ;- of the square of s. In fact, it is easy to see that we

can also write 85\2,}’[( in terms of sy g = l(un k) — TRB(pg\l,?K),

(3:24) a1 @) = (s3.x)” + 2sn,x - rre (Pl g) — TRB (PR )
i.e., we have two additional correction terms. For X](\?) = X](\}), the correction terms would

cancel out. We define the quadratic output error bound
(3.25) A (i,w) = (A% + aLpAA®) + 5y (0Fs) + 8oy ()

and obtain the following result.
Theorem 3.8. |s%(u,w) — sg\%]’K(u,wH < A (p,w) holds for all p € D, w € Q.
Proof. With (3.24), the output error is given by
s — s =52 — (swk)? — 2smk rrE(DN )0) + TRB(DS 1)
= (s —snK)°+25nK(s— SN,K) — 25N,k rRB(pﬁé,)K) + TRB(I?S?;,)K)-

Using sy x = (un k) — TRB(pS\lf?K) yields

251\/7[((5 — SNJ() = 25N,K (f(u) - K(UN,K) + TRB(pE\lf?K)) :
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Putting these together, replacing 2sy ¢ by (@) we have

(3.26) s% — 85\2,}[( = (s —snx)? + (D) — 1P (uyg)+ TRB(pS\%,)K).

From Theorem 3.6, we know that (s — sy x)? < (A®)%. The second part of (3.26) can be
estimated analogously to Theorem 3.6 by replacing ¢ by £2) and p(!) by p®). Since ¢ = ¢,
we obtain

6(2)( ) — ¢ (un,k)+ TRB(pS\%)K)
(3.27) = — 7i(e) + [ale, i) — ¥ (e.p )]
_ [f(pN,)K) _ fK(pS\%)K)] + [a(uN,K,pﬁ?K) — aK(UN,K’pE\%?K)]a

which can be bounded by aLBAA§1)3 + aLBAA%)J + 5{(L(p§\2,7)K) + 5KL(p§\277)K)- [ |

If A% is already small, the first part of the error bound A% will be comparatively negligible.
The second part of the error bound is of the same form as A® in (3.16). Hence, we can hope
that A% is approximately of the same order as A®.

4. Statistical output error analysis. In this section, we consider first and second moments
of the linear output functional s(u,w) = £(u(p,w); ),

M (p) == E[s(n,-)], Ma(p) :=E[(g,-)],  V(p) :=Ma(p) — (M (p))*.

We assume again that the functional £ is deterministic, i.e., that there is no explicit dependence
on the stochastic parameter w but the randomness of the output functional s is only through
u. We start with the following lemma.
Lemma 4.1. Assuming independence of a and f as stated in section 2.1, we have
E [G(UN,KJDS\Z/),K) - GK(UN,K,P%),K)] =0, E [f(ps\lf),K) - fK(pS\Z/),K) =0,
1=1,2,3, where pg\?;)K(u,w) is given in (4.4) and ¢ is assumed to be deterministic.
Proof. Since un,x and pg\if) x depend only on truncated forms, they depend only on

the random variables {5 k}k Lo (‘j and {5 k}k L. ’Qj‘z

lated for (q,k,b) # (¢, k', V), both un,x and pSV)K are uncorrelated to {{ k}k>K and

. /
Since 5” k and 5”, J/ Areé uncorre-

{5 k}k>K of We thus obtain

E [CL(UN,K,]?E\Z/)K) — (IK(UN,K)pE\Z%K)]

Z S 08 (Vag (v, DY )

q=1 k= Ka—i-l
Q® oo ‘
= Z Z 95(,&) E [&ik()] E [aq7k(uN,Kap§\Z[),K)] =0
q=1k=Kg+1 —_—

=0

and, analogously, E[f(pNK) fK( )] = 0. [ ]
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4.1. First and second moments. The straightforward estimate for the first moment
M () is given by My ni (1) := E [sn x (i, -)], and we define the error bound

(4.1) AMi(p) = E [aLBANl)} .

Corollary 4.2. |M;

() — My vi (p)] < AMi(p) holds for all p € D.
Proof. Equation (3.1

7), Lemma 4.1, and ¢ = ¢X yield

M; — My yg = E [ 7"1%)3( ) + a(e,pg\l,?K) Ke, pg\l,)K)]

+E [a(uN K,pg\lf)K)—aK(uN K:pgv)K)] —E [f(pg\lf,)K)_fK(pg\lﬂ)K)]

= E[ Fa(e) + ale,pi)—a" (e, pﬁé)K)]

Following the proof of Theorem 3.6, we obtain the desired result. [ |
Analogously, the straightforward estimate for the second moment Ms(i) is given by

Mo vk (@) :=E [SE\%}K(/L, -)], and we define the error bound
(4.2) AMe(y) .= E [(AS)Q + arpAA®@] .

Corollary 4.3. [Ma(u) — Mo Nk (12)| < AM2(p) holds for all p € D.
Proof. Equations (3.26) and (3.27), Lemma 4.1, and ¢ = (X yield

My — Mok = E [(5 = svr)?] — B [7igh(e) + ale,pFx) — a® (e,

- E[f(pg\Qf)K) (pN K)] Ela(un, K7p§\2f)K)_aK(UN,K=p§\2f,)K)]
= E[(s - sna)?) ~E[Fih(e) + ale,p) — a(e.nT0)]

Following the proof of Theorem 3.8, we obtain the desired result. |

4.2. Squared first moment. In order to get an estimation of the variance, it remains to
find an estimation for the the squared first moment. We follow the same approach as in section
3.4 and introduce a third dual problem with right-hand side ¢®) (v; p) := 2M nrc (1) £(v; ).
The dual and the corresponding reduced systems are then given by

(4.3) (v, p; pw) = —(D(ws ), veX,
(4.4) aK(v,pf\?},)K; pw) =), ve XY,

respectively, where X](\?) C X denotes the RB space of dimension dim()z](\?)) = N®). The

error analysis is now mainly straightforward, following section 3.4. We denote the new dual
error by ég% = pg) — pg\?;)K and the residual by Fg’%(v) = al (v, 65%1)3) to define the RB bound

A%l)s = aLB_IHfl(pi)gH x/. The KL truncation term 5%1 is defined analogously to (3.4b) by
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replacing pg\lf?K by pg\?;?K, and analogously to (3.5), A%)J =arp " HS%)J”XI Then, Proposition

3.1 and Corollary 3.2 yield the following estimate for ) := p(3) — pgf’,?K:

(4.5) 1E® () | x < AP (pw) = ARy (1, w) + AR (1,w),

We define the approximation of the squared first moment, adding some correction terms.
Analogously to (3.24), we consider

(46)  MPhge() = Muvi)® + 2Myvic B [ras )| — B [rre 0]

Note the distinction between the squared approximation (M, NK)2 = My Nk - My Nk and the
]

direct approximation M[ N of the squared first moment. The error bound is given by

(4.7) AM(y) .= (AM1)? | E [aLBAA<3>] .

Theorem 4.4. |M3(u) — M[f]NK(,u)‘ < AMi (1) holds for all p € D.
Proof. Analogously to Theorem 3.8, the output error is given by

M7 — M[12]NK =My —Mynk)® + E [E(B) () = €% (un i) + TRB(pS\?;,) )| -

From Corollary 4.2, we know that (M; — M) xx)? < (AM1)2. Analogously to Theorem 3.6,
using ¢ = ¢X and replacing £ by £3) and p() by p®, we obtain

E (69 (u) — €9 (un i) + s (03 )|
:E[ fg%( ) + a(e,pﬁ)K)—aK(e,pﬁ?K)]

—E [f(Psv K)— fK(pN K)] +E [ (UNK’ps\?;?K)_aK(uN’K’ps\?;?K)
:E[ Fp(e) + ale.plyy)—a (e, pﬁ)x)]

where the last equation is obtained by Lemma 4.1. The result can be bounded analogously
to Theorem 3.6 by E[aLBAA( ])3 + aLBAA%EJ] [ |

4.3. Variance. It is straightforward to define
2
(4.8) Vg (p) == Moy (1) — M[l,}NK(:u)a

and it is furthermore clear that [V — Vyg| < E[As2] + AMi s an upper bound for the
error. However, we can derive more precise error bounds. Denoting ng_ 3 (v) := a® (v, ég%

eg’%) and A@gg) = aLp ! sup,ex (TRB ( )/|lvllx) as well as defining the KL truncation
term 5(2 3 by (3.4b), replacing pg\,’)K by (pg\%)K pSV)K) and analogously to (3.5), A%j?’) =

arB” SupveX (5%{3)(21)/”21”)(), we obtain He(2 — &l ||X < A(R=3) = Aggs) + A%:?’) and
the variance error bound

(4.9) AV(p) = E[(A%?] +(AM)? + E [aLBAA<2—3>].
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Theorem 4.5. [V(u) — Vg ()| < AV(p) holds for all u € D.
Proof. From Theorems 3.8 and 4.4 we know that

V—Vyk =E[(s—snk)?] — (M1 —Mynk)?
+ E [5(2) () = €2 (un i) + TRB(pg\Q;,)K)}

- E [é(?’) (u) — 03 (uy g ) + TRB(pS\:?,)K)} ;

and the first two terms can be bounded by E [(A®)?] and (AM1)2, respectively. From (3.27),
Lemma 4.1, and Theorem 4.4, we have for i = 2,3

E (60 (u) = 69wy ) +rn i) | = E [=7{h(e) + ale.pl o)~ (.00 x0) |-

We subtract the two expressions and again follow the proof of Theorem 3.6. The claim follows
directly using the definitions above. |

In our numerical experiments, we have observed that it is sufficient to use the same
reduced space for the two additional dual problems (3.21) and (4.4), i.e., )N(](\?) = )N(J(\:;’). Then,

it holds that pg\?;’)K(u,w) = pﬁ’)K(u,w)Ml,NK(,u)/sMK(u,w), and it is sufficient to solve only
one additional dual problem. Hence, we consider

(4.10) aK(v,pfé?K(u,w);u,w) = —26(v;p), wve Xy,
(4) 3 _ (4)

such that pg\%)K = SN,k Py g and py e = My NvK Py - For a faster evaluation of the variance

error bound (4.9), we could use pg\zf)K — pg)K = (sn,xk —Mi nK) p%)K. Furthermore, defining

51(3, A&%, Ag%, and AW analogously to 5%1, A%{, Ag%, and AW, respectively, we obtain,

e.g., Aggs) = |sn x—Mi NK| A%)B. Analogously, we can construct the error terms 51(34, A%?D

Ag%, and A e {2,3,2 — 3}. Still, it is possible to use two different RB spaces such that
both dual problems (3.21) and (4.4) have to be solved. The theory does not change for that
case.

5. Offline-online decomposition. In this section, we describe the offline and online pro-
cedures and provide corresponding run-time and storage complexities. We start with the de-
scription of a method to evaluate lower bounds for the coercivity constant. For this method,
we assume the bilinear form a to be parametrically coercive with respect to the deterministic
parameter; i.e., 0f(u) > 0 for all p € D and a,(v,v) + a4(v,v;w) > 0, v € X, for all w € Q
and 1 < ¢ < Q°.

5.1. The coercivity lower bound. From the deterministic case, we know the following
methods to determine lower bounds app(p,w) for a(p,w): the min-6 approach [15] and the
successive constraint method (SCM) [11]. The latter approach is less restrictive and could
be directly applied to the stochastic parameter case. However, it requires much more effort,
online as well as offline. The min-6 approach requires the bilinear form a to be parametrically
coercive with respect to the deterministic and stochastic parameters. Therefore, the extension
of the method to our case is not possible. We would require £, ;(w) to be positive.
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To partially maintain the advantage of the min-0 approach, we propose a combination of
both methods. We fix some parameter i € D and get the inequality
W oipw) e opw) L a(v, v, w)

a
5.1 a(p,w) = inf
(5.1) (1, 0) veX ok T eexa(v,viiw) vex o lol%

If a is parametrically coercive, we apply the min-f approach on the first term; i.e., for
Omin (1) 1= miny<g<qe{07(1)/05(11)}, we obtain w-independent lower bounds

a(v, v; g, w)

———————= > Omin X, )
(0.0 ) = (n) YveX, V(uw)e M

analogously to [15]. For the approximation of the second term, we first apply the SCM to the
truncated form and obtain u-independent lower bounds
K —
a’ (v, v; i, w
% > afo(w) Yo e X, Vwe Q.
Ylix

To take the truncation error into account, we consider the parameter independent truncation
error

Qa Kmax

(5.2) Ag = sup Zeg(ﬂ) Z €UBM

veX g=1 k=K+1 ||U||%(

such that —A%; [[v]|% < a(v,v; i,w) —a® (v,v; i,w). Hence, we define agcm(w) = ol (w) —
A%, and obtain the coercivity lower bound arp(p,w) = Omin(p) - ascm(w). It is essential
that K be large enough to obtain a positive agcm.

Both agom(w) and Oy (1) can be evaluated independently. Therefore, it might be useful
to store agcym for many random realizations and reuse these values in combination with
different p. This is possible if the same random realizations can be used for several parameters.
Then arp(p,w) can be evaluated very quickly in the online stage.

5.2. Online procedure. We first summarize the run-time complexity to solve a reduced
system and evaluate the corresponding outputs and bounds. Assuming the availability of all
necessary terms, the complexity is the same for all primal and dual problems. For notational
compactness, we do not distinguish between Q?, K*, Kb for b € {a, f, £}, but just use Q, K,
and K.y, respectively. In the same way, we just use N instead of NV, N N®@ and NG,

The complexity to assemble a reduced system for a new parameter pair reads O(QK N?);
the solution is then obtained in O(N?) operations. For the output evaluation, we need to as-
semble some additional matrices and vectors—again with complexity O(QK N?)—to evaluate
the residuals. The actual evaluation is then of complexity O(N?). For the error bounds, we
first evaluate the coercivity lower bound. The complexity depends on the chosen method, opti-
mally O(Q). For the Aky- and Agp-error bounds, we use the previously evaluated and stored
Riesz representative inner products and compute the bounds in O(Q?(Kpax — K)?N?) and
O(Q?K?N?), respectively. For the §kp-error bounds, we just need O(Q(Kpax — K)) matrix-
vector and vector-vector multiplications; the total complexity is therefore O(Q(Kpax—K)N?).
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Suppose we use M random realizations to evaluate the Monte Carlo estimates for any given
deterministic parameter; the overall run-time complexity for the computation of the statistical
outputs is given by O(M(N? + Q*K2,,.N?)), including the complexity for the evaluation of
the error bounds.

If we are interested in both second moment and variance, the online procedure works as
follows. We solve the primal and first dual problems for M realizations and some fixed u. For
all realizations, we store sy, g, which is later used to solve the second and third dual problems
(3.21) and (4.4). For the quadratic output evaluations, we additionally store TRB(pg\l,?K) as
well as the primal solutions ux g needed for the computation of the respective last terms in
(3.24) and (4.6). Furthermore, for the corresponding error bounds (3.25) and (4.9), we store
A and A®. Hence, the overall storage complexity is O((N + 4)M).

Using the same reduced space for the second and third dual problems (3.21) and (4.4), it
is possible to evaluate all statistical outputs with storage complexity O(M). For some fixed
i, the basic concept is to solve (4.10) for each random realization at the same time as the

primal and first dual problems (2.15) and (2.16). It is clear that the evaluation of sga K in

(3.24) and the second moment My yx = E[Sg\zf} ) as well as its error bounds A from (3.25)

and AM2 = E[Asz] can be obtained with storage complexity O(1). As a consequence of the
use of (4.10), we have E[TRB(pE\?}?K)] = M17NKE[TRB(p§é7)K)], and the evaluation of ME]NK in

(4.6) is of storage complexity O(1), too, and hence the evaluation of Vg =My ng — ME]NK.

Analogously, E[aLBAA(?’)] = |Mi vk - E[aLBAA(4)], and hence the storage complexity to
evaluate AME in (4.7) is constant. Therefore, using only the less precise variance error bound
[V — Vyk| < AMz AM%, it would even be possible to solve all problems with storage
complexity O(1). However, for the variance error bound presented in (4.9), we additionally

store sy, x and aLBAé(‘l) for each realization with storage complexity O(M) to enable the
evaluation of E[QLBAA(2_3)] = E“SNJ( — MI,NK| . aLBAA(4)] .

5.3. Greedy basis selection. To generate the bases of the reduced spaces, we perform a
Greedy algorithm as it is well known in the RB context [21, 15]. For a training parameter set
Zirain C M and some initial basis, given by an arbitrary single snapshot, we solve the reduced
primal and dual problems (2.15), (2.16), (3.21), and (4.4) and evaluate the error bounds for
the desired outputs. For each problem, we select the parameter pair for which the RB error
part of the desired output error bound is maximal and add the corresponding solution of the
unreduced problem to the respective basis. We iterate the procedure until the error bounds
fall below an intended tolerance for all training parameters.

Next, we are going to describe how to specify the KL truncation, precisely the numbers
of affine terms used for the approximation, K° b € {a, f,¢}, and the number of terms used
to estimate the truncation error, K% _, b € {a, f,¢}. We integrate the specification into the
Greedy algorithm. For different truncation lengths and very large K. values, we solve the
reduced system and evaluate the KL error bounds for all training parameters. K b € {a, f, ¢},
are chosen as the minimal numbers such that the KL error bounds do not exceed a given
tolerance, respectively. This tolerance should be rather small compared to the allowed output
errors. Similarly, we make K% . b€ {a, f,£}, as small as possible such that we underestimate

max’

the KL error bounds only negligibly. Since the KL truncation errors do not depend on the
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dimension of the RB spaces, K® and Kg]ax, b € {a, f,l}, are likely to be appropriate for
all reduced spaces and can be fixed for all further computations. However, it would also be
possible to make further adjustments during the Greedy algorithm.

Suppose that S, consists of ngain deterministic parameters and Mi,,i, random realiza-
tions for each of the parameters. Then, the Greedy complexity is O(Nnyyain) times the online
complexity to find the “optimal” parameters in each iteration, i.e., O(NntrainMirain (N 34
Q’K?2.. N?)), plus O(QKnaNN) to solve for the corresponding detailed solutions. Fur-
thermore, the construction of the reduced system matrices and vectors is of complexity
O(QKpnax N2N) and the evaluation of the used Riesz representatives and the pairwise in-
ner products is of complexity O(Q?K?2, N?N).

We store these RB system matrices and vectors as well as the Riesz representative inner
products that are used to construct the Akyp- and Agg-error bounds. Hence the total storage
complexity is O(Q*K2,.N?).

Especially for stochastic problems, it is not clear if the parameter range is sufficiently
covered by the random training set Zi.in. However, since we evaluate a posteriori error
bounds, we detect such cases in the online stage and could still extend both Zi.ain and the

basis.

6. Numerical realization and experiments. In this section, an example of a two-dimen-
sional porous medium is chosen to illustrate the different aspects of the proposed methods.
We consider heat transfer in a wet sandstone with porosity modeled by a random function
k(z;w) that represents the rate of pore space within some control volume. We construct
k generating AN standard normally distributed random variables and applying a Gaussian
smoothing filter of the form exp (—||z — y|?/0?), where ¢ = 1/5. Additionally, we perform
a Wiener process-like algorithm on the N new variables. Hence, k(-;w) is (at least) almost
surely everywhere continuous, and hence k(-;w) € Lo(D). Furthermore, our model depends
on a deterministic parameter p € D = [0.01, 1] that denotes the global water saturation in
the pores. Hence, the proportion of air in the pores is given by (1 — ). Let ¢ = 2.40 be
the heat conductivity constant of pure (theoretically imporous) sandstone, and let ¢y, = 0.60,
ca = 0.03 be the respective heat conductivity constants of water and air. With this notation,
the total heat conductivity of a wet sandstone is assumed to be

c(@;p,w) = cs- (1 = K(wsw)) + (pew + (1= p)ca)s(a;w)

(6.1) = s + (—cot pew + (1 — p)ca) sz w).

We consider a domain D = [0,1]? and impose homogeneous Dirichlet boundary conditions on
some boundary part I'p and nonhomogeneous Neumann boundary conditions on the opposite
“output” boundary I'gy;, where the right-hand side of the boundary condition is a random
function g(w) : [0,1] — R, stochastically independent of k, representing some random loss
of heat at the output boundary and modeled by a smoothed Wiener bridge process. On the
other boundaries, we impose homogeneous Neumann conditions, representing isolated parts
of the sandstone. For a given u € D and some random realization of k, we are interested in
the average temperature at the “output” boundary I'oyt, denoted by s(u,w).
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Now, the PDE reads as follows: for given (u,w) € M, find u(u,w) such that

—V - (e(p,w) Vu(p,w)) = 0 inD,
u(p,w) = 0 onlIp,
(6:2) n- (c(p,w) Vu(p,w)) = 0 only,
n- (c(p,w) Vu(p,w)) = gw) on Loy

In the weak form, we compute u(p,w) € X such that a( (1, w), v ,u, w) = f(v;w) for all
v € X, where a(w,v; p,w) = fD c(p,w)Vw - Vo and f(v;w) fFo 9 w)v. For the functional
l(v) = fl‘ouc v, the noncompliant output is given by

s(w) = L w)) = /F u(p ).

The affine decomposition of the bilinear form a in p is straightforward. Let &(z) denote
the mean of k(z;-) and R(zr;w) := k(z;w) — K(z) its stochastic part with zero mean. We
define 91(,u) = ¢ and Oa(p) == —cs + pew + (1 — p)ea. Then, using the notation of (2.2),
a1(w,v) = [, Vw - Vv, whereas al(w v; w) = 0 vanishes. For the second affine term, we have
as(w,v) fD EVw - Vv and ag(w,v;w) fD w)Vw - Vo. In the same Way, we denote by
g(x) the mean of g( ) and by g(x w) its stochastlc part and define fi(v = Jp.., gv as well

as f1(v;w) fr w)v, where 9{ = 1. Using KL expansions of & and g, we dlrectly obtain
affine decomp051t10ns of as and f1 in w, respectively. Since £ is independent of p and w, we put
all forms into the framework of (2.11) with Q* = 2, @f = 1, and Q’ = 1, where 5‘11713(”) =0
for all k£ > 1, and therefore K¢ =0 in (2.12).

Figure 1 shows four random realizations of x and Figure 2 the first four eigenmodes of
the KL expansion of &. Its eigenvalues are provided in Figure 5(a). The expectation of k is
supposed to be constant in space, &(z) = 0.33. We assume the random coefficients &5, (w)
to be standard normally distributed. Since k(z;w) is restricted to [0, 1], whereas Eg’k(uf) are
unbounded, we dismiss realizations that do not satisfy the physical constraints. However, this
can be done easily online, and this happens with a probability of less than 2.5 - 1075 in our
model. Then, c(z; p,w) > pcy + (1 — p)ca > 0.0357 > 0, and the PDE is uniformly coercive.
Figure 3 shows four random realizations of g and Figure 4 the first four eigenmodes of the KL
expansion of g. Its eigenvalues are provided in Figure 5(b). The expectation of g is constant
in space, g(x) = 1. The random coefficients 5{ x(w) are assumed to be standard normally
distributed. Here, we do not restrict g to a certain interval. However, negative values of g are
very unlikely.

For the detailed approximations, we choose a finite element (FE) space X with linear

Lagrange elements and N = 4841 degrees of freedom. Furthermore, we use K., = 78 and
K (Jfotall = 18 terms to assemble the detailed forms a and f, respectively. These numbers of

terms are already precise enough compared to the FE error.
The bilinear form a with the affine decomposition introduced before is not parametrically
coercive since 05(u) < 0. However, since as(-) = 0.33 - a1(+), resorting the affine terms to

a( pyw) =07 () (a1(-) — aa() — aa(w)) + (07 (1) + 05 (1)) (az(-) + az(;w))
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Figure 1. Four random realizations of k.
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Figure 2. First four modes of &.
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Figure 3. Four random realizations of g.
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Figure 4. First four modes of g.

leads to a decomposition that fulfills the requirements of the method proposed in section 5.1
to evaluate coercivity lower bounds. That is, we first create several random samples of the
sandstone in the online stage and store the respective agcom. Then, for all water saturations
€ D, we use the same samples and can reuse agcom.-

Using the initial basis of the Greedy algorithm, we specify the KL truncation as described
in section 5.3. For a relative error tolerance tol = 1072, we choose K and K7 such that
the respective truncation errors, especially the dki-parts, do not exceed 0.1tol. This leads to
K% =123, K%, =31, Kf =11, and K{,.x = 15, as marked in Figures 5(a) and 5(b). For the
KL error bounds, we use the upper bound &yp := 5.2 such that |, ;| > &up with a probability
of less than 2.5-1077.
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(a) Eigenvalues of the KL expansion of & and KL trun-  (b) Eigenvalues of the KL expansion of g and KL trun-
cation values K =23, K .«=31, and K. ="78. cation values K¥ =11, K7, =15, and Kg;ctail =18.

Figure 5. Figenvalues and truncation values of the Karhunen—Loéve expansions.
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Figure 6. Greedy error decay.

As mentioned, we use the same space for the second and third dual spaces, X](\?) =X (3),
and solve only the additional dual problem (4.10). Figure 6(a) shows the decay of the maximal
relative error bounds of the primal and dual solutions u and p™), and of the difference of the
additional dual solutions p(? — p®) that is used for the construction of the variance. In Figure
6(b) we provide the decay of the error bounds of the desired outputs. We omit the dky,-parts
since they do not decrease with the number of basis functions and could therefore have a
negative effect on the basis selection procedure. It turns out that (N, NV, N(?)) = (16,11, 16)
is sufficient for relative error below the tolerance for all outputs.

On our reference system, a 3.06 GHz Intel Core 2 Duo processor, 4 GB RAM, we used
Comsol 3.5.0.608 (3.5a) to construct and store the FE system components and MATLAB 7.8.0
(R2009a) to implement and run both the detailed and reduced models. For the solutions, we
used the MATLAB mlidivide function which automatically adapts to the structure of the
system, e.g., sparsity patterns. Solving the detailed problem with N = 4841 degrees of
freedom, we needed about 0.211 seconds per sample on average, whereas the reduced problem
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Figure 7. Means of output sn,k and of effectivity bound factor }fz, their standard deviations, and 100

random samples for a test set of 30 logarithmically distributed values of i, respectively.
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Figure 8. Error bound A°®, split into its k1, and A parts, and actual output error for 200 random samples
and two values of .

could be solved in about 0.00603 seconds per sample, including the solution of all primal
and dual problems and the evaluation of all outputs and error bounds. Hence, we gain a
speedup by a factor of about 35. To show that the number of reduced basis functions is
independent of the degrees of freedom of the detailed problem, we started another Greedy
algorithm using N/ = 19121. Again, the error bounds fell below the desired error tolerance
for (N, N N®@) = (16,11,16). On average, the computation of the larger detailed problem
needed about 0.837 seconds per sample. Since the size of the reduced system did not change,
we gain a speedup by a factor greater than 138.

The result of the reduced computation is shown in Figure 7(a). For each parameter of
a test set of 30 logarithmically distributed values of u, we evaluated the output s, its mean,
and the variance V using 10000 random samples. In Figure 7(a), we plotted the mean and
standard deviations of sy i as well as 100 random samples for each parameter of the test set.

In Figure 8, we show the errors and error bounds for the output s for two values of
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Figure 9. Different relative error bounds for variance V().

and 200 random samples each. The samples are sorted according to A®. We see that the
error bound is effective. The average effectivity A®/|s — sy k| is about 200. We furthermore
separated the error bound into its different parts. One can see that the dkr, part hardly varies
since it is not directly dependent on the current random realization. While for p = 0.01,
ozLBAA(l) contributes most to A®, the dkr, parts contribute most for p = 1.00. Hence,
adaptive choices of K and K7 could improve the error bounds and reduce the run-time and
will be a part of future work.

In Figure 9 we compare our variance evaluation method and corresponding error bounds
with two other evaluation procedures based upon the use of the sample variance E[(sy x)?] —
(Enk)?. For the “direct” bound, we follow (3.19) and replace s by (s — sy k) + sn i, which
can be estimated by A® + |sy k|- Analogously, we obtain [M;| < AMt 4 |M; y x|, which leads
us to the “direct” variance error bound

IV — Vig| < E[AS(A® + 2|sy k)] + AM (AMY 4 2)M; vk ).

For the “sophisticated” bound, we refer the reader to [4]. We see that our variance approxi-
mations and the corresponding error estimates in fact give sharper bounds. The direct error
bound is about 160 times larger; the sophisticated error bound still is about 12 times larger
on average.

Compared to the deterministic problems, the effectivity bound 7(u, w) from (3.12) contains
an additional factor of the form (1+ ¢)/(1 — ¢), where ¢ is given by (3.13). Figure 7(b) shows
the average factor, its standard deviation, and 100 random samples for each parameter of the
test set. We can see that the additional factor takes an average value of about 2.4. Hence,
compared to the deterministic case, the effectivity upper bound increases only moderately in
most cases. However, there are cases in which ¢(u,w) ~ 1 and the effectivity bound becomes
inappropriate or, for ¢(u,w) > 1, even nonexistent. This can be avoided using larger K.

7. Conclusions and outlook. We presented a general RB framework for linear coercive
PPDEs with stochastic influences. Efficient a posteriori error bounds have been developed
for the state and output functionals, also dealing with additional KL-truncation errors. We
furthermore introduced a new error analysis for special quadratic and statistical outputs such
as second moment and variance using additional nonstandard dual problems. We showed that
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parts of the KL-truncation errors vanish for such outputs.

The current framework can easily be adapted to noncoercive inf-sup stable problems.

Furthermore, we already extended the work on quadratically nonlinear problems [19]. Addi-
tionally, it is planned to include adaptive choices of K and N in the online stage to improve
the error bounds.
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(1]
2]

3]

REFERENCES

1. M. BABUSKA, R. TEMPONE, AND G. E. ZOURARIS, Galerkin finite element approrimations of stochastic
elliptic partial differential equations, SIAM J. Numer. Anal., 42 (2004), pp. 800-825.

M. BARRAULT, Y. MADAY, N. C. NGUYEN, AND A. T. PATERA, An ‘empirical interpolation’ method:
Application to efficient reduced-basis discretization of partial differential equations, C. R. Math. Acad.
Sci. Paris, 339 (2004), pp. 667-672.

S. BovavaL, A fast Monte Carlo method with a reduced basis of control variates applied to uncer-
tainty propagation and Bayesian estimation, Comput. Methods Appl. Mech. Engrg., 241-244 (2012),
pp. 190-205.

S. Bovavar, C. LE Bris, Y. MaDAY, N. C. NGUYEN, AND A. T. PATERA, A reduced basis approach for
variational problems with stochastic parameters: Application to heat conduction with variable Robin
coefficient, Comput. Methods Appl. Mech. Engrg., 198 (2009), pp. 3187-3206.

P. FRAUENFELDER, C. SCHWAB, AND R. A. TODOR, Finite elements for elliptic problems with stochastic
coefficients, Comput. Methods Appl. Mech. Engrg., 194 (2005), pp. 205-228.

R. G. GHANEM AND P. D. SPANOS, Stochastic Finite Elements: A Spectral Approach, Springer-Verlag,
New York, 1991.

M. A. GRrReEPL AND A. T. PATERA, A posteriori error bounds for reduced-bias approximations of
parametrized parabolic partial differential equations, M2AN Math. Model. Numer. Anal., 39 (2005),
pp. 157-181.

H. HARBRECHT, A finite element method for elliptic problems with stochastic input data, Appl. Numer.
Math., 60 (2010), pp. 227-244.

D. B. P. HuynH AND A. T. PATERA, Reduced basis approzimation and a posteriori error estimation for
stress intensity factors, Internat. J. Numer. Methods Engrg., 72 (2007), pp. 1219-1259.

D. B. P. HuvnNH, J. PERAIRE, A. T. PATERA, AND G. R. L1u, Real-time reliable prediction of linear-
elastic mode-i stress intensity factors for failure analysis, in Proceedings of the 6th Singapore-MIT
Alliance Annual Symposium, Cambridge, MA, 2006.

D. B. P. HuynH, G. RozzA, S. SEN, AND A. T. PATERA, A successive constraint linear optimization
method for lower bounds of parametric coercivity and inf-sup stability constants, C. R. Math. Acad.
Sci. Paris, 345 (2007), pp. 473-478.

K. KARHUNEN, Uber lineare Methoden in der Wahrscheinlichkeitsrechnung, Ann. Acad. Sci. Fennicae.

Ser. A. 1. Math.-Phys., 1947 (37) (1947), 79.

. LOEVE, Probability Theory. 11, 4th ed., Grad. Texts in Math. 46, Springer-Verlag, New York, 1978.
G. MatTHIES AND A. KEESE, Galerkin methods for linear and nonlinear elliptic stochastic partial
differential equations, Comput. Methods Appl. Mech. Engrg., 194 (2005), pp. 1295-1331.

T. PATERA AND G. R0zzA, Reduced Basis Approximation and A-Posteriori Error Estimation for
Parametrized Partial Differential Equations, Version 1.0, MIT, Cambridge, MA, 2006.

Rozza, D. B. P. HuynH, AND A. T. PATERA, Reduced basis approximation and a posteriori er-
ror estimation for affinely parametrized elliptic coercive partial differential equations: Application to
transport and continuum mechanics, Arch. Comput. Methods Eng., 15 (2008), pp. 229-275.

L. StrRoVICH, Turbulence and the dynamics of coherent structures. 1. Coherent structures, Quart. Appl.
Math., 45 (1987), pp. 561-571.

Q@ » HE



KL-RBM FOR PPDEs WITH STOCHASTIC INFLUENCES 105

[18] T. ToONN, Reduced-Basis Method (RBM) for Non-affine Elliptic Parametrized PDEs (Motivated by Opti-

(19]

K.

mization in Hydromechanics), Ph.D. thesis, Ulm University, Ulm, Germany, 2011.

URBAN AND B. WIELAND, Reduced basis methods for quadratically nonlinear partial differential equa-
tions with stochastic influences, in CD-ROM Proceedings of the 6th European Congress on Compu-
tational Methods in Applied Sciences and Engineering (ECCOMAS 2012), Vienna, Austria, 2012,
J. Eberhardsteiner, H. J. Bohm, and F. G. Rammerstorfer, eds., Vienna University of Technology,
Austria, 2012.

. VEROY AND A. T. PATERA, Certified real-time solution of the parametrized steady incompressible

Navier-Stokes equations: Rigorous reduced-basis a posteriori error bounds, Internat. J. Numer. Meth-
ods Fluids, 47 (2005), pp. 773-788.

. VEROY, C. PRUD’HOMME, D. V. Rovas, AND A. T. PATERA, A posteriori error bounds for reduced-

basis approzimation of parametrized noncoercive and nonlinear elliptic partial differential equations,
in Proceedings of the 16th ATAA Computational Fluid Dynamics Conference, 2003, ATAA paper
2003-3847.

. WIENER, The homogeneous chaos, Amer. J. Math., 60 (1938), pp. 897-936.
. X1 AND G. E. KARNIADAKIS, The Wiener—Askey polynomial chaos for stochastic differential equa-

tions, SIAM J. Sci. Comput., 24 (2002), pp. 619-644.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


